CyMmcbKuil gepkaBHUI negaroriunuil ynisepcuteT iMeHi A. C. Makapenka
di3uKo-MaTeMaTUYHUHN (aKyIbTET

Kadenpa marematnku, ¢i3uKy Ta METOIUK X HABYAHHS

Tpymuna Aypika A{pe.ﬂiBHa

®PAKTAJIbHI B BOCT )KI/IHI/I HEINIOBHUX CYM
QI/ICJ PHI[IB
BHIC peIHs QC @ MaTeM&N @'
% a e):[aror 0

Cﬁ S 5\‘»

C@Qﬂ&l‘l(ﬁpa

bQ HayKOB@;BHHK
FO.B. XBopocrTiHa,

&g 7aT (Bi3MKO-MaTeMaTHYHKX HAYK,
@ouem

@ « » 2021 poky
.
&\m BukoHaselb:

Ba.
BOFO

A.A. Tpymuna

« » 2021 poky

Cymu 2021



3MICT
|27 O 1072 U TP PP TR UPTPPROPROPRPPY 3
PO34UI 1. MHOXHWHU HEITOBHUX CYM 3BDKHUX YUCIIOBUX PANAIB...... 6
1.1. HermoBHa cyMa Ta MHOMKHHA THIICYM PSIILY .uvvveeirreeessrneesssseressssesssssesssssnessnsneenns 6

1.2. BnacTuBOCTI MHOKHHHU HETIOBHUX CYM aOCOJIIOTHO 3015KHOTO YUCJIOBOTO PSTy /

1.3. Tononoro-mMeTpuuHi Ta PpaKkTadbH1 BIACTUBOCTI MHOKHHHU HETIOBHUX CYM

JESKUX 3HAKOJAOJATHUX T 3HAKOZMIHHIX PSIITIB ...uvveeirieiureesieessieeesineesiressseesseesnns 13
1.3.1. MHOXHMHA HEMOBHUX CYM 3HAKO3MIHHOTO PAIY JIFOPOTA ..oovvvveviiieeiiiienns 19
1.3.2. MHOXXHHA HETTOBHUX CYM DAY EHTCIsLgm. N s v, 24

H@clﬂcoro I-ro ta II-ro Buny...... 29

1.3.3. MHOX1Ha HGHOBHI/I)@ pﬂmB O

BucHoBku 710 po3aimy 1....88 ... % oooeee s e L

PO31JI 2. BACTOCY & MH% HEHOE@Y

PSJIIB Y TEOPIL {MORB PHO% 'l% MY A
2.1. Bact %Tonono
HHCHOBV@B Yy eop% PHOCTI..
2.2. Bukopucranss ocTe

(bpakraaspHOMY « ................ é ...........

4O

BucHoBKM 10

BI/ICHOBI%\.
CITCOK BAKOP



BCTYII

AKTyaJbHicTh TeMHU. [TOHATTS MHOXMHH HEITOBHUX CyM (ITJICyM) psay HE €
3BUYAITHO OJIHUM 3 KJIFOUOBHMX TOHSTH KJIACHUYHOI (TpaauiiiiHol) Teopii psmaiB. Ase
MOTIPU 116 BOHO 4YYAOBO BIJOOpa)kae A€kl T€OMETPUYHI BIACTUBOCTI PALY 1 TOMY
HOTr0 BHMBUYEHHS J03BOJISIE BaroMo 30araTUTH TEOpilo psAiB. PasoMm 3 UM MOHSTTS
MHOXMHM HEMOBHUX CyM TICHO TMOB’S3aHE 13 pI3HUMH YaCTMHAMH CY4acHOi
maTemaTuku. HaBeneMo niesiki 3 HUX.

MHOXH1Ha HETIOBHUX CYM, DSy, K 00’ el@ w4HOro mpoctopy R, moxe

OyTH TPEACTaBICHO K

bpa 60 MHO)KI/IHa 13 (pakrampHIMH
JIOKAJIbHUMH BJIACTUB Tomy’ &MO)KG 00’€KT@M, I[IKaBUM [
TaJIbHOT ﬁny éﬂ;HOl Iy 11) Vo
MK

dbpaxTanpHOT Teopli

HMOBIPHOCT % 1 po3mo BI/Il'IaI[ BGJ‘II/I‘II/I HO)I(I/IH
po3rn;mau@p CIEK 1 HOCIiB OILIJ'IIB pot ‘ICHHH
MHOXHUHH  ITIJICYM MaroTh opii %Mx @ beprymmi
(cUMETpUYHUX 1 H&

p Hi i WMOBIpHICHIN

MHox cyM p I0Th Ba 0
TEOpIAX 4 o 6a3 Ha I[BO@OJ‘IBHI/IX X KOJYBaHHs 4HCEI 3a
e 110 il

JOIIOMOTI'OIO prI[lB Cy4aCHUX I[OCJ'III[)KGHB

b Y
ne GIrypyroTh MHOKHHH nulc » 1B.%1 06’eKT JIOCITIKEHHS MHOXKHHA

mijcyM abCOMIOTHO 301k J'IOBO ypy€ B AochiKeHHs X 1ie 3 1914
POKY, KoJii Oyiu omyoJi po6o CBKOFO matematuka C. Kakes [4] (“TIpo
MiJCYyMH HECKIHUCHHUX PAIIB”), M pe3yJIbTaTOM SIKOi OyJia 0J{Ha 3 OCHOBHUX

teopem (Teopema 1).

CaMe HemoBHa KEHICTh, BIJICYTHICTh CHCTEMAaTH3allll OKpPEeMHUX
u pe3

OTPUMAaHUX HAYKOBIISIM yJIbTATIB MIAMITOBXHYJA HAC JI0 JOCHTIIKEHHS JTaHOX
TEMHU.

He wmoxna He 3ragatv gociipkeHHss B i cdepi mpodecopa Mukomau
BikToposuua IlpankoBuTtoro Ta me Aeskux ykpaincbkux HaykoBuiB (Top6in .M.,

CaBuenko 1.0, I'erbman B.1., XBopocrina F0.B. ta inmi) [9, 10, 11, 14, 17 Ta ixmii].
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He JUBIAYNCH HAa aKTHBHC ,Z[OCJ]i,Z[)I(eHHH IMUTaHHA MHOXXHWHH HCIIOBHUX CYM ILIMMH

HAaYKOBIIZIMHU, BOHO € IIC HC ITOBHICTIO POIIIIHYTHUM Ta 3aKPHUTHUM.

Meto10 1ociigaeHHsl 3 JAaHOT TEMH € OMHUC CTPYKTYPHHX, (paKTaIbHUX Ta

TOIOJIOTO-METPUYHUX BIJIACTUBOCTEH, SKI IMOB’s3aHl 13 (PpaKTaJbHOI PO3MIPHICTIO

["aycnopda-besnkoBuda, MHOKHH MACYM JEAKUX KJIAciB 301KHUX YHUCIOBUX DPSIIB,

BOJIOJIIIOTh  BJIACTHBICTIO  OJIHOPITHOCTI, PO3TJA OKPEMUX IPHUKIIAIIB

3HAXOKCHHA MHOXHMHU HCIIOBHUX CYM YHCJIOBUX p}I,Z[iB.

MHOKHWH HijlcyM YUCIIOBUX

O0’exT pocaimkenns: MHOXKHMHA HEITOBHUX %&)}moro YUCJIOBOTO PSY.
T

Hpeamer pociaimkenHs:_Tomonoro-menpuy a (pakTanbHl BJIACTHBOCTI

<9 “
1 \bKepena QBHMLH« paTypo @

HOXKHH BHI/IX cy 9u I[IB
Heno cym a6 301KHUX

3aBIaHHA 10CT
ompalroBaTu
HaInpsMK

PO3Kp CyTHI1

HpoaHaJIIBYBaTI/I
YUCJIOBUX ps @

JOCITITUT, Oro-M q Ta (bp 1 BJIAcC T HO)KI/IH HEMOBHUX
CyM 3HaRrROHAO aTHI/I psniB % , psany Enrens, psnis
OCTporpazLCLKor Ta 2- AL %

ONMUCATH 3aCTOCYBaHHS (dpakTagbHUX BIACTUBOCTEU

MHOKUH HETIOBHHUX CY, 1i AIMOBIPHOCTEM.

HaykoBa HoBH3HA\fMa mnpa 3HAYEHHSI OJIePKAHMX Pe3yJIbTaTiB!

CHUCTCMAaTHU30BaHO TeOpCTI/I‘IHI/IV a 1aJ1 3 TECMH, IO 3HAYHO CIIpOIIYyE HOI(aJ'IBH_Ii

I[OCJ'IiI[)I(eHHH 3 TCMH, Hng 0 TFOPpUTMHU Ta MMPUKIAIN 3HAXOMKCHHSA MHOXKHWHHU

HEMOBHUX CYM OKPS&\ CIIOBHX DSI/TiB; TMPOJEMOHCTPOBAHO OOYMCICHHHS

po3mipHocTi ["aycnopda-be3nkoBruya aj1s 1€SIKUX KJIAciB PSIiB.

Anpobanis pe3yabTaTiB Ta nmyodaikamii. 3arasom HaMu OyJI0 OIMyOIIKOBAHO 3

Te3 Ta 1 CTaTTIO, B AKUX IIPEACTABJICHO CHOBHI pE3YyJIbTAaTH Ta CTAIIU JIOCJ'IiJI)KCHHSIZ

1. Tyn6ypi A.A. MHOXMHU HENOBHMX CYM JE€AKMX 30DKHUX YHCIOBUX

psaais/lO.B. XBopocrtina, A.A. TynOypi //HaykoBa HisIBHICTH SIK LUIAX
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dbopmyBaHHs TIpodecifHMX KOMIETeHTHOCTeH MaitdytHboro daxisis (HIIK-
2020): matepianun MixHapOAHOT HAYKOBO-TIPaKTHYHOI KOH(DepeHIii, 4 rpyaHs
2020 p., m.Cymu. — Cymu: @OII Lpoma C.I1.,2020. — C. 149-150.

2. TynOypi A.A. Psag Enrens sik 3aci0 mpenctaBieHHs IpoOOBOi YaCTUHM 4YMCIia
//CtynenTcbka 3BiTHa KOHGepeHwis: Marepiaiu pe3yiabTaTiB HAayKOBHUX
JOCIIJKEHb MoJIoANX HaykoBLiB. — Cymu: Bua-Bo (izuko-maTeMaTHyHOrO
bakynsrety CymAIlY imeni A.C. Makapenka, 2021. — Bunyck 15. — Tom 2 —
C. 23-24.

3. TynOypi A.A. Ho,uaHHﬂ cell psaaMu W&ﬂCBKOFO I-ro ta 2-ro BULY

//CTyneHTChKa 3Bi Q (bepe @aTep@m/I pe3yNbTaTiB  HAyKOBUX

IOCHIKEHD MO

yMI/I B 0 (1)131/11@ MaTeMaTu4yH
bakyabTeTy iMe * aKap 5 - T(@

C. 45- 8
4. T I/IHa aCTI/IBOC 1 X CyM
JESIKOTO 301K CJIOBOFO y/IO B. pOCTiHA, 6pyana//
HayxkoBa m& pMyBa (beCII/IHI/I MIETEHTHOCTEH
Manoy q)ax1 -202&p1mn apoI[H01 HayKOBO-
IpaK b KO 9 rpy 021 p., — Cymu: ®OII Lpoma
C.IL2021. Q
Crpykrypa Ta oﬁcﬂr 11/1Ha poboTa CKIagaeThes 3 2
O3B, BCTYNY, BUCHOBKIB I/ICKy HUX JIKEPEJ, 10 CKIagaeThes 3 27
MYHKTIB; 00CST poOOTH 1T BJ'IeH leKaMI/I JPYKOBAHOTO TEKCTY.

s‘\\/\/



PO3/11 1. MHOKMHU HEMMOBHUX CYM 3BIKHUX YACJIOBUX
PSI/IIB

[ToHSATTS MHOXHWHU HEMOBHUX CyM (MificyM) 30DKHOTO YHCJIOBOTO Py
JOCITIIKY€E€ThCSI HAYKOBIIMUA Mai’Ke CTONITTS. 3 TOYKH 30py BUBUEHHS MAaTEMaTUKH
BOHO € JOCUTh HOBHUM Ta HE IOBHICTIO JOCITI)KeHE. AJle HE AMBISIYHUCH HA 1IE,
MNOHATTS MHOXHWHHU IIJICYM YHCJIOBOIO psAy TICHO TOB’Si3aHE 3 CY4YaCHUMU
JOCITIKEHHSMHU B PI3HUX HaIpsiMax MaTEeMaTHKHU.

O

mm{a‘nmcyM psiay

Posrisiaemo unc SAKOTO BffweTBC}I ¥MOBa

K P o

e
0
Hexait ¥ — 11013' )IMHO KUHU I@
1 aKmon € M,
x(M) = ” 0 AKmWon € M,

1

HA3MBAETHCS Hi)ICYMOIO %IOBHO sy (1) [10, c. 210]. MHoXuHY Bcix
HETIOBHUX CYM DIy ITO3HAE %’

[00]

= {x:x = z EqQy, (g,) € A®,A={0,1};.

n=1

E{a,} = {x:x = 24 a\

TakuM 4YMHOM, BCi YaCTKOBI CyMH S, = )jl_; Gy 1 3QITHIIKK Ty, = Y3741 Ak

pany (1) € HOro HEMOBHUMHU CyMaMH.

Ilpuxnao 1. 3HalTH MHOXHHY TICYM PSIIY Ype1 zin



1 -
Pl 27", 3a 03HAYEHHSM, MHOXXHHOIO HEMOBHUX CYM

oyne Biapizok [0;1], TooTo E{27"} =[O0, 1].

3aranbHUW 4Yi€H a, =

1.2. BijacTMBOCTI MHOKHHH HEMIOBHUX CYyM 20COJIIOTHO 30iKHOT0
YHCJI0BOTO PSALY
Posrasinemo BnactuBocTi psay (1) 3a yMoBH, 110 BiH € aOCONIOTHO 3015KHUM,
TOOTO 301KHUM € 1 Psilt Y p=1|ay|. Toal MHOXKHHA TIICYM JTaHOTO Py — JAOCKOHAIA
Ta MOJKE JIOPIBHIOBATH SIK HYJIb-MHOXHUHI JleOera W MHOYKHHI JI0JIaTHOI MipH, a

TOMY BOHa MOXXe OyTH JHIHWFNpaKTaIo UMO 3B'SI30K MK MHOXHUHOIO

MiJCyM a0COMIOTHO 301KHQ 1y (1) T& HO10,F{|a,|} HemoBHUX cyM psamy

o L 4
= |a,| X& Q\@ (2}&\ 0(0’
JnsafiborQ posrisiH @mHyn QC) Q
Jlem KIIIO P = a6c0J1 YKHUM, 0 WHU m@ a,} Ta

E{Ianl} € 130Mopcp

q)pa x T mnoro METPUYHUX

BJIACTUBOC O)KI/IH @ OBHHX 030151 opeMy, fAKy OyJo

OITy0JIiIKOBaH OHCBKO MaTHKa (61 akess B 1914 pomi (i
He3anexHo I FopHH 941 B 1948 p.).
Teopema 1. [4] MHO)@ HCTIOBH {a,,} abcomoTHO 301KHOTO PSITY
Yn=10n € &
1) TOCKOHAIO MHOMKHHOIO; %’
2) CKiHUEHHUM 00’ €JTH 1AP13KIB TOJI 1 JIUILIE TOJ1, KOJIU
.

S Qpyr tapge T
JUIA BCIX N, HO‘II/&‘IH 3 gesikoro Homepy (E{a,} - Bimpizok Tomi 1 TimbKU
TOJI, KO A, < 1, 1jasi Bcix n € N);
3) romeoMopdHOIO KiIacuuHiii MHOXHHI KanTopa (Hime He IIiJIbHa MHOXHHA),
SIKITIO

Ap > Apy1 + Apyp + o



Ilpuxnao 2. 3HaliTH MHOXHHY HETIOBHUX CYM PSAY Y1

nn+1)’
_ 1
An = nn+1)’
. . 1
S =1lim, L S, = lim,_ (1 — E) =1;
1 1 1 1 1 1 _
Tn = (n+1)(n+2)  (n+2)(n+3) tee = N+l n+2 t n+2  n+3 T

_ 1

1, .
n n+1

[TopiBHsIEMO @, 1 T;,. 171 HOTO 3HAIAEMO 1X PI3HHUIIO:

1 1 < :wa— n
== @+1)_n@_ (n+1) =0
3 1IOTO BUILIMBAE < BCIX N € ?\?\OT)Ke, 3a‘TeopeM010 Kaxkes,
MHO>KHHOIO HETIOBH @a oro B1ﬂpi3(@ @

3aysaoicen %Halaez[ HE MORHa CTocyBa0>

z:ocnizmce@w ro-M & MHO)I<3‘I CyM
MOCJTIIOBHICTB™HIICHIB HE MOHO €3pOoCT 00TO YMQE
n > a +®, ne

HE BI/IKO(—@H JUTS BCIX )
Lpu 3HalT Heremx Cc
1

% 5D+ R
YMoBa a, >71, BHK ﬂﬂﬂ@k, a HEpIBHICTb A, > 1, — MAIi
Vn = 2k + 1. I Tomy Tedf He B & YMOBY MOHOTOHHOCTI YJICHIB PAY)
1H(pop @0 MHOKHHY HEMOBHUX CYM JIaHOTO Psify.

[Ipore, sKkmo ynopsaKyBa JeHH JIaHOTO psiiy, HEPIBHICTb @, > Ty

HC gac MOJKJIMBOCTI TOYH

BUKOHYBAaTUMETbHCS z[J*K\iH € N. Tomy MHOXHHA HOro HENOBHUX CYM €

roMeoMOp(HOIO KIaCHIH oxuni Kanropa [11, ¢.27].
3ayeaoncenns 2. OCKUTbKH PO3TISHYTHH umcioBuid psang (1) € abGcomroTHO
301KHUM, TO BiJ] IEPECTAHOBKH YWICHIB Py MHOXKMHA HOTO MiJICYM HE 3MIHUTbHCH.
Tomy Hamani Oyaemo BBakatu (0€3 BTpaTH 3arajibHOCTI), 10 JJIS YJICHIB PSIY

(1) ymoBa (3) BUKOHYEThCH.
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V 1988 p. k. Tarpi i Jx. HiMman mpeacTaBuay NPUKIan psALy, Ajs SKOTO

TeopeMa | € He TOUHO0. Byio po3risHyTo pan :

S AR S (4)
4 4 472 42 43 42
Jlns ma”Horo psiay, HEpIBHOCTIL a, >1, Ta a, <7, BUKOHYIOTbCA i
HECKIHYCHHMX MHOXKHMH 1HIEKCY N, a MHOXKHHa T miacyMm psay (4) Bkiouyae B cede
B1AP130K [Z’ 1] 1 HE SBIIETHCSA CKIHUYCHHUM 00’ €THAHHSIM BIIPi3KiB.

MHO}KI/IHy T o3HAUNMO HAaCTYITHUM YHHOM.

T = c@J Gans @Qﬂ?U Gon
n=1 & n~1

ne C — macnma@ Ha @a, Gy € HHSAM ﬁ%HeHTpaJIBH

TPETHUH, 1110 OYyIu @eﬂi 3 Bi[% , 1] Ha K ari no@&s Mﬂom&
MHOXH1HA ﬁ(lma 710 MEO Ta sl KaH M.
L 4
Y ):[Q&% 1aB OpMYITIO Xl HACTyI emMy. 60
15]

Teopema 2. 10 E{ cyMm 30j YHCIIOBOTO

3HAKOM0AATHOTQPIIY 1) Oyne aCTyHH@ o
1) B1 0 C[@ ’CHHaHWi?,KiB; QQ

2) romg@MopdHa Hi Kanto

3) rOMeOMop(b@omn HUX cy@ 4), TOOTO KaHTOPBAJ.

JIJist IOJaTbIIIOTO BUB acTu mHoxunu E{a,} nigcym psay (1),
MOTPiOHO I1Ie BBECTH Ta U 110 HJpa 1 HUJIIHIPUIHOTO BiJIpi3Ka.

Osnauennsn 1. HexaWf/(Cy, Cy, .4, € (IKCOBaHUM BIIOPSAKOBAHUM HabOpOM,

10 CKJIQJA€ThCS 3 HYJIIB Ta om@ OJIi IIMIIHAPOM i3 OCHOBOIO Cq, Cp, ..., Cy (C; €
{0,1}) paury m H&BHB&€%C® uHa Ag ., ., 110 BKIIOYae Bei migcymu psaay (1)

74

m

m
Z CnQp + z Enln, nNe &, €{0,1}.

n=1 n=1
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Kpim Toro, mae Mmiciie piBHICTb:

A 1=a, ®A o, maAVYn € N.

C1...Cpn—1 C1...Cpn—-1

!
a, ©A €1y, — MHOXHHA, IO € apu(pMETUIHOIO (BEKTOPHOIO) CYMOIO.

Osnauenns 2. L|nmiHAPUYHUM BiZPI3KOM i3 OCHOBOIO Cq, Cy, ... Cy (¢; € {0,1})

paHTy M HA3WBAETHCS BIIPI30K

m

Ac, = [mfAC1 e SUPAg, cm z an,rn+chan.

Po3srasaeMo I[GSII(I sracmusocmi MMJZZHOW MHOOMCUH, 11O BHUXOAATH 3

JaHOI'O O3HA4YCHHA:

L8 € B, @ o J c1 25U A\ —supAcl o
AC]_.. CTI‘L @
Apa 3all 1JIBK % paHFy, OCHOBI/I 0

.
m — oo
), 110 w&ncx 3 @OILI/IHHHB

6. Mae micue piBHIC

e Y

A oNA 1000, 1 = 1,2,3, ..., (5)

- 0111 =— A
C1.-.-Con—-2 C1...Con— 2 C1...C2n_2 C1...Coan—2

pPIBHOCHJIbHA PIBHOCTI

a2n_1 - azn + a2n+1 + a2n+2, n= 1,2,3, . (6)
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8. Muoxunu A; o i A(1 1) (1=c,y) € CUMETPHYHHMH BIJHOCHO CepeivHH
Binpiska [0,7,], amke 3 x" € A, BummMBae, Mo x' =79 — X € Aiy_c ) 1-c,)-

9. Muoxunu A, o A, . 1 OyIyTh CUMETPHYHI BiJHOCHO CEpEIMHH

1+Cm
UMTIHAPUYHOTO Biapiska A., . [25, c. 86].

Crnuparounch Ha OCTaHHI JB1 BJIACTHUBOCTI HIIHAPUYHUX MHOXKHH, MOKHA
chopmyITIOBaTH HACTYITHE TBEPKCHHS.

Jlema 2. MHOXWHA MiJICYM YHCJIOBOTO p;my (1) — cumerpuuHa BiTHOCHO

cepeauuu Biapizka [0, 1,].

Jlema 3. MHOXxuHa [ MlCTI/ITL u (rn, a,)i(rg—a,;ro—n),
3a YMOBH IO JUIS PSITY (1)glﬂ)K}BTB z{ucTM > I, s z[esn(oro n.
Hacnioox 1. He pan eplBHICT rn

MHOKHHI 3Ha4YeH Cy n, T

€ThcAd Ha B%
0KMHA E@ae oyne cs CK1H'®/1
o6’enHaH

T eop HII[CY@)BOFO % ) € @ aJILHOIO
[24,c.32]. Q

ﬂoeeaeu JIOBene@QHm TEQ @wpm 3a w)cmBHMo KOXKHIH
niacymi x &

2 En
aq 2
y= 7 = Aala % - {0 1}
TakumM YMHOM TIPE/ICTAR B1 e € OIEKTUBHUM TOMY, IIIO JBI

THUX CaMHUX 3Haue€Hb. Ajie O1EKIIIO
psny. Ockuibku a,, = 0 npu n — oo, TO

MOYKHA BHJIUIMTH MIAPSIT TaHOT

an — b, + ’4{‘,@,@@, by >by,>->b, >b 1>
n=1

JUTSI SIKOTO, HEPIBHICTH b,, > 7;, BAKOHYETHCS JJ1s1 BCix n € N,
KoxHiil HenoBHIN cyMi 7 yTBOPEHOTO psy MO>KHA ITOCTABUTH Y BIJIOBIIHICTh

€JIMHY MOCTIMOBHICTE 3 L = A X A X ... = A®:

~

— — A2
X = Aslez...sn...H y - A a1qy...0n..."
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(efl),ez(l),...,s,gl)) * (81(2),82(2),...,87(12)), 1 HaBIIaKHU.

" o 1) . (2 . .
Hexaii | — HOMep nepmux BIAMIHHUX [P ej( ) ej( ) ITOC1JOBHOCTEN

(69) = (0,60, D, 1,69, ), (62) = (62,2, 6@, 1,62, ),

ne e,(ll) = 8(2),71 =1, — 1. Pi3Huus

X1 —x2=££)a1+ +e()a] 1—e§)a +--te

SAxmo X; # X,, TO 1

()a] 1 +a;— (%) >0.

OTxe, MHOXKHHA MIZICYM PSIY Y=y by, — KOHTUHYaIIbHA. BpaxoByrouw, 110 s

KOKHOI miacymu x =Ag o o = CTaBUTHCA Y Bi HICTh OJIHA ITOCJIJOBHICTh

HYJIIB Ta OfuHKIG (&), AKiH @Binae ne oy = Azalaz...an---’ TO MHOXKHMHA

HernoBHux cyM Ef{a,} He HiXK < KO THHyasbHa

.
I3 icnyBanHs bHOI¢IN KUHU w@mn E{a Vrmmsae @
K

camMa MHO>XHHaA E OHTI/IH 0. TaK M Teop OBEeJIEHO.

Jle p0361 H Konona p;m 1l =0,
TOJII KOXKHE aTHe p;my M OJIaTH ' Hecqu KUTBKOCTI

PI3HHUX HEIOBHUX 9& oro p
T eopeMa Xau § >®
Tom ga V K > 1CHy€ g @ a gucen x € (0,1) i Takux, 110

X = Yn=1En(X)ay = K.

Hasenemo Teopem avIeMo B'I30K Mi)K MHOKHHAMH HEMTOBHUX CYM
Ta BUJaMU BIJIMOBIAHUX PSIIB.

Teopema 4. Psj 22 @

1) mBHIKO pO3 w SJOM TOIi 1 TiLNBKM Tomi, Komu MHoxuHa E{b,} =
[0; +0);

2) yMOBHO 301KHHAM TOZI 1 Tinbku Toi, koau E{b,} = R

3) abcomroTHO 301KHUM TOAI 1 TibKH Toal, Koiu E{b,} € oOMexeHO10.



13

1.3. Tomosioro-meTpuyHi Ta (PpaKTAIbHI BJACTUBOCTI MHOKMHHN HEMOBHUX
CYM JIeSIKMX 3HAKOJIO0AATHHUX TA 3HAKO3MIHHUX PAiIB

Jlng Oinbll AeTanbHOi XapaKTepUCTHUKW MHOXKMHU HyJIhoBOi Mipu JleGera
BUKOPUCTAEMO TEOPETUUYHHUM amapar Teopii ¢pakTtaniB (dpakTaabHUN aHAMI3 1
dbpakTampHa TEOMETPis).

PosrisineMo fesiki TeOpeTUYHI OCHOBH 3 TeOpii ¢pakTaiiB, a caMe O3HAYCHHS
H*—mipu Faycnopda i posmipaicts Faycnopda-besukosuua muoxkuan E € R, axi
JAI0Th 3MOTY OUIbII TOHKO OXapaKTepu3yBaTH ‘MAaCKMBHICTH  MHOXHUH MIICYM Y
BUITAJIKAaX iX HYJIb-MIPHOCTI (3 TQUKH 30Dy M1p1/1 e0

Hexaii E — e oomex I/IqHO;O npoctopy (X, p), d(E) — e

J1aMeTp MHOKUHH E, T

@ (E) =s (xy) Q\ & @O

Iiam % U @y HaI/I6 BmCTa )K TOYKAM H
HaJIe)KaTh MHO
S’ayeaofceHHﬂ 3 1H1 KUHU %I/IMO q

03Ha'{eHH}Z a KOHC 0]11 CKIqu YU 3YHUCIICHHCE
CIMENCTBO )KI/IH H ci &- H@ MHO , y BUIAAKY, SIKIIIO
EcU;E;,n

Osnauenns 4. Hexait 8 1€ @ Hl yucia, a—e-miporo ['aycnopda

00MexkeHOT MHOKHHH E Q Tb \

o Zd<E>

ae 1HpIMyM px bCS 3a BCIMAa HE OUIBII HIK 3YUCICHHUMH E-
u

nokputTsamu {E;} Muoxunamu E; € X Muoxunu E.

Osnauenns 5. Hexalt nano ¢ — (ikcoBaHe J10JaTHE YUCIO, TO/A1 O—BUMIPHOIO
miporo (H *-miporw) Iaycnopda mMHOXuMHU E HasuBaroTh 3HaueHHs (yHKIT Iiei

MHOYWHH, 110 BU3HAYAETHCS PIBHICTIO
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HE*E) = llm}[“(E) =sup HZ(E)

>0

1 B [IbOMY BUINAJKy TOYHY HUXXHIO I'paHb BU3HAYaIOTh 32 BCIMA MOXJIMBUMU
NOKpUTTAMHM MHOXKMHKM M Binpiskamu Ej, B axux niametpu d(E;) He mepeBuIIyIOTh
qHCIIa €.

HaBenemo nesiki BnactuBoCTi a-mipHoi Mipu [aycmopda. [ns uwporo
3aikcyemo > a > 0.

1. SIxmo H*(E) < 0, ro HE(E) = 0.

2. Slkmo, HA(E) > 0, To H*(E) = oo. O\O

3. SIkmo E C E’, To}["‘ }[“(E

4. SIxmo E < U e Qj—[ag) a(ﬂ
Os3nauenns 6 b CTIO a Be3%a MHOX v@
MHe s%\ 6

Ha3MBaIOTh TAKE
Q (E ) = @ inf{a:
Posristiemo oc CTHBOC lpHOCTl p(i)a -bes @ 14a.

1. ay(E) = — ym, A 0 UIBIII Hi eHHOI MH H u E;

2. AKUI0 EZ, TO o(Ez)

3. 1 1 1 1 HO @J‘IGHTHI TreOMeTquHO Mo110Hi,
MHOXHHH, TO 0(E1
4 aO(Un n) @ .:

3 TOrO, 110 O-BUMIp a Faycz[o nsHyTa B mpocTopi R, mpu o = 1

€ 30BHIIIHBOIO MIpPOIO pay BUIL N0 po3mipHicTs ['aycnopda-besnkoBruua
H

MHOYKHH 3 JI0JIATHOIO Mipo 0 JIe6 10€ 1.
Osnauenns 7. yIb-IKa KOHTHHyaJbHa OOMEXKEHa MHOXXHHA

npocropy R, mo mae y (To6TO mopiBHIoe 0 abo ) H *-mipy ["aycmopda,
B SIKIH OPSIOK 0. TOPiIBHIO® TOTIOJIOTIYHIN PO3MIPHOCTI, HA3UBAETHCS Ppamaiom.
Osnauenns 8. MHoxuHu, sKi € HynaboBoi Mipu Jlebera, Ha3uBarOTh
cynepdpakTaibHUMH, SKIIO po3MipHICTh ['aycnopda-besnkoBuua nopisHioe 1, a och
KOHTHHYaJIbHI MHOXHMHHU 3 HYJbOBOIWO po3MmipHicTio [aycnopda-besukoBuua

HA3MBAIOTh AHOMAJIBHO (PPaKTAILHUMU.
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CamornoaiOH1 (ppakTanu — HAUIPOCTIIUHN KJac (hpaKTaiB.

Osnavennsa 9. IlepeTBOpEHHSIM MOAIOHOCTI HA3WBAIOTh TaKe BiTOOpaKeHHS (J
OJIHOBUMIPHOTO METPHUYHOTO MPOCTOPY Ha cebe, MpH SIKOMY BiJICTaHI MIX TOYKaMHU
3MIHIOIOTBCS B OJIHOMY ¥ TakoMy  camoMmy BigHomieHHi K > 0, ne K — xoedimienT
MOJ11I0HOCTI.

Toni wmuOoxkmHa E C R' HasuBaeThcs momiOHOO wMHOXHMHI E’' € R! 3

koedimienToM momioHOCTI K > 0 TOmi i TUIBKH TOJi, KON iCHY€E BiJOOpaKCHHS

g: E = E' take, mo v
x —
|g( 2) DI — K xz,x1 cE.
CHUMBOJIBHO I103H TaK:
Osnauenns I@vonﬁ ac€ThC O)KH)I &&eHa MHO
E mpoctopy R, § % 0
O 1 307 A

TOOTO, 5 xomHHy
MIMHOXKHU n01116 1
po3mipuicts Eaycmo %ﬂ

MEHIIa, HiXK pO3MIPHIEEE caMoll

TISIOl CK qeuﬂoro 00’ eTHaHHSA
HBaCT 1'[02116HOIO npu4IoOMy

)IOBIJ'IBHI/IX HIJIMHO)KI/IH
Haitmennie yuciao n [HTKOM CaMOHOI[16HOCTi, a4 3aKOHOM

@u O/1I0Ha MHOXXHHA, JIJISi SIKOi BUKOHYETHCS

3akoH camomnoaionocTi (K,n), k,}, To momaTHe YMCIIO 0, SKE € KOPEHEM

PIBHSHHS ‘\m
&+~-+kﬁ= , (7)

HA3MBAIOTh CAMOMOIIOHOIO PO3MIPHICTIO MHOXKHUHHU E 1 mo3Hauarots a4 (E).

JlaHe piBHSIHHS Ma€ €JUHUI KOPiHb, TOMY O3HAYEHHS € KOPEKTHUM.
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Jlema 5. Slkmo icaye take a, mo 0 < H%* < oo, To camornonioOHa pO3MipHICT
MHOXHUHH FE (camomomiOna) piBHa po3mipHOcTi [aycmopda-besukoBuua, TOOTO
as(E) = ao(E).

Teopema 5. ko E — 3aMkHeHa oOMexeHa caMOIoAi0Ha MHOKHHA MPOCTOPY
R, To ii camomo/1iGHa po3mipHicTs piBHa po3mipHocTi ['aycaopda-Besnkosuua.

[Ticnst po3riisaly OCHOBHUX MOHSTH, EPEeUIeMO 10 (PpaKkTaIbHUX BIACTUBOCTEH
MHOXHHH TIJICYyM 4YHCIOBOTO psimy. Hexal Y.,—; a,— 30DKHHI 3HAKOJOJATHHM

YHUCIIOBUU PSI 1 HEXal A, > T, = Xpentq Ak z[n% n € N. 3 UpOoro BHIUIMBAE,

T 1
mo—= <=, n=12,..
Tn 2

Ha mpomixky (0, a Q’IMHCMO (&@f (x)’\ f(O)=0igma0<x<

a vexait f(x) = —lo ‘Zr
1cue Ha ﬁ nozusm»x%amcu & 0
@ o(EY (L) E

Teopema 6.

. O
i @ iHTe an)@

Hacniook 2.

3a pe3yabTaTaMu T «x cmiBBigHOIICHHS MiX @ (E{a,})
Ta BETUYMHAMU YICHIB P “KpaitHiX’’ BUTIAJKaX.

= 0. Tomi pans noButbHOro & > (0 icHye

Teopema 1. Hexail «

HECKiHYEHHA KiJIbKICTh 4HC TAKHX, M0 Apyq < EQy.
Teopema 8. [21&& Hexaii ay(E{a,}) = 1. Tomi mis Oyap-sKoro q €

1
(0, 5) ICHy€ HEeCKiHYEHHa KIIbKICTh yucen n € N Takux, O A, 41 > a,.

a
BBenemMo no3naueHss: 6, = r—”
n
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Teopema 9. SIKIIO ISt TEAKOTO PILY D.peq Ay, HEPIBHICTD §,, = 1 BUKOHYETHCS
JUIsL YCIX JOCTaTHbO Benukux nm € N, toai posmipHicth [aycmopda-besmkoBuua

MHOXUHU Tiacym E{a,} nopiBHIOE

-1

1 n
ag(E{a,}) = [}Ll_{go sup (52 log, (6 + 1))
k=1

Hacmimok 3. fkmio BUKOHYIOTBCS yMOBU Teopemu 9 Ta lim,,_, 6, = &, Tomi

po3mipicTh ["aycaopda-besukosuua MHOXUHEN HeOBHUX cyM E{a,} nopiBHIOE
ao(Efay}) = log ; C\‘Q
Hacnioox 4. Sxio BuUK ThCSI YM emu 9 Ta lim,,_, 6, =1, Toai
ay(E{a,}) = 1 a MHOXHH @ ATTbHOL
Hacniook 5. HK OBU Teo@lx Ta IK\S = 00, T
ao(Ef{a,}) = na E{a OMaJ'ILH aJ'IBHO
Teo Maﬁ Jlst OCITI IO

1 4u @p&ncu
Fayczlop(b KOBU HU 1'[1[1@,1} 3a/1 € HeplB

llm i

n—oo

0
Sk 0130 5 JIJ'ISI B%CT&THB X k, Toxmi

EaQ in
PO@IMHGMO Hw,ﬂmﬂﬂ <3§5§;§:CHHHMHOX@HHIHCHOBHHX QWW

YUCJIOBUX PSIIIB.

I{exaﬂlﬂﬁﬂ)qHCHOB

&—1
m nn+2)

Insxom neaxnx& BOPEHb OTPUMAEMO, L0 S, = = (1 + -——— ),

n+1 n+2

npun — o S = Z' OT1xe psia 301KHUM.
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3HaiemMo

1 1
T mrDm+3)  mt2)m+s)

CnpoOyemo po3nucaTi KOXKEH 3 J10/I1aHKIB

1 1 2 _, 1
(n+1)_(n+3)_(n+1)(n+3)_ >l<(n+1)(n+3)

Tomi

1 1 1 1
n+Dn+3) _<(n + 12}0 + 3))
1 TaK MOKHA pO3KHaCTI/I H JTOJaHO
1 1 @ 1
T (n n 1) 6\@ + 5) " ) (b‘
<n + (’} O
3Ha eMOoppi3 I/II_IIO E 0
n(n e n+ $3(n +1)
Q\ :\@ 2n n 1)

_(m+DE2-n) +2) % —2n?—n+2
B " 2n(n+ D(n + 2)

2nn+1)(n+2)
Jnst n = 1 nana pi oyn 010, TOOTO a, < 7;. A 1Ie BKa3ye Ha Te,

mo muoxuna E{a, } narnoro ps IHIEHHUM 00’ €THAaHHSM B1JIPI3KIB.
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1.3.1. MHOKHHA HEMOBHUX CYM 3HaK03MiHHOTO psiny JIropoTa

O3navennsn 12. 3HaKO3MIHHUIN YUCITIOBUH PSIT BUTY

L y St i + EN (8)
— noo, Ae a
a L a,(a; +1)...a,_1(a,_, + Da, "

HA3WBAETHLCS 3HAKO3MIHHUM psanioM JlropoTa (Hagam psg Jlroporta), a uucio a,

— WOTr0 N-TUM E€JIEMEHTOM.

OmHuMU 3 HAUMPOCTIMKMX TPUKIIAAIB 3HAKO3MIHHUX psiiB JIropoTa € psaau:

= ) WQ\_]()(@'

n=1
7Y — 42k
Ae Jy(z) = 70%@ R (v kT 1) — ¢yHkuisa beccesa.

Jlema 6. 3Hako3MiHHI YUCIIOB] psaau JItopoTa yTBOPIOIOTH caMe€ KOHTUHYAJIbHY

MHOXHHY [22, C. 15].

Jlogedenns. UneHn 3HAKO3MIHHOTO YHUCJIOBOTO psiay Jlropora — HarypasibHI
yucna. ToMy nociiioBHiCTh (a,,) MPOXOIUTH BCIO KOHTUHYaNbHY MHOXKHHY N X N X

.... KoxHa Taka mpejcTaBiieHa MOCIIIOBHICTh 3a/1a€ 3HAKO3MIHHUN YHCIOBUN DS
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Jropora. OTXe, MHOXXMHA 3HAKO3MIHHUX psiaiB Jlopora Oyae KOHTHHYaJIbHOIO
MHO>XHHOIO.

Teopema 10. Koxunmii 3nako3mMinaui psn Jlropora € abcomroTHO 30DKHUM 1
rioro cyma s € (0; 1).

Hosenenns. 3actocyeMo o3Haky Jlanambepa

|dy44
D; = —,
" dal
a;(ay +1)-...-ap_1(a,—1 + Da, 1

D* = = )
" al(al + 1) Tt an—l(an—l + 1)an@an+1 (an + 1)an+1

D* =i = i %7<1.
n ( 1) gy

OTrxe, 3HaK03M e a6c 36i>1<‘ [i, 32 O3HaK
HNanambepa, s 5{1{0 ﬁ OCTI1 ( E N. KIpKH, BCl I
3HAKO3MIH Jropo IOTB 1o, THiM @mm i
PSAMYIOTh I[&HOF@ 3az(0Bo% oBy( é
HaJIC)KUTh lHTepB

Jlema 7 psmn Th 1&4 0’

TOOTO

oge I[O]% ByIOtII/I BIl CYIPOTHUBHOIO.
[Tpunyctumo, D MAIOTh OJHAKOBY CyMY
S. Hexai, a4, a,, as, ..— eneMe 1,a2,a3 — €JIEMEHTH JPYroro
psany. OCKUIbKU JIaH1 Pl ep M, mo a,, # Ay, OpA [ = M i
Ay = Ay, 1 TIpU 1 < M. ymy BHOCTI MIpKyBaHb, BBR)KaTUMEMO, 110
A, < apy,.

Posrisinemo p13HI/II_I X CyM IIUX PsIIB

Q ="
(a1 al(al +1) n(an + 1)an+1 a1 + nZl ai(a; + 1) ..ap(an + 1)a;1+1> -
=+ a, Je

a;(a; +1) ... am_l(am_1 +1)

1 i D"
a=|—-— -
am ~= am(@m + 1 o G @man + Damyni
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1 < (-D"
-\t Z R, 7 7 7 >
am ~ (A, + 1) o apn (@sn + Daginga

>(1 1 ) 1>(1 1 ) 1 _
am(@m +1) amsq an  \a, ap(a,+1) am+1_

am

_aptl-1-ap

=0
am(a, +1)

3BiJICH BUIUIMBAE, 110 S — S # 0. OTpuManu cynepeuHicTh.
Hexait S — cyma 3Hako3miHHOTO psiay JlropoTa (8), s, — HOro 4acTkoBa cyma,

a 1;, — Woro 3anuiok. Tol

Yn = O
a

(9) € 3 HHUM M

3a 03Ha‘{eHH$IM

Jlema 8 S 03M1H
4acTKOBa Cy
a,
1 (-
Xp = +
An+1 an+1(an+1 +1) n e Qi1 (@ngsr T Danyr

Jloseodenns. Ockif HHOTO 4ucjioBoro psay Jliopora

MOHOTOHHO CIIadarOTb BCJII/I‘-II/IHi 51 npsAMyrOTh 10 HYJIA, TO

BUKOHYETHCSI HACTYITHA HEPIBHAET
1

A
<s<—.
&X ai(a; + Da, ) a;

BpaxoBytouw, 1o eaementu psay Jlropota (8) HaTypasibHI YKCIia, MAaEMO
1 1 1 1

a;, a;(a;+1) " a; a(a; +1Da,

3HAYUTB,
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1 11 1
a a(a+1) (a+1) > a;’

1
a1<§<a1+1,

[1]

a = |—|-

S

Taxum ymHOM, Tmepia yacThuHa jJemu 8 noBeaeHa. OCKUIBKH, X, € CYMOIO PSIY

JIropoTa, TO 3a TEePIIOI0 YACTHHOIO JIEMH 8 MaEMO
1
Ary1 = [x_n]c)v
BpaxoByrouu piBHICTh O Q
OE R
OTPHMaCI\@ é 0
SN
C) T\ MG e BN -0, 6
Jlemy moBen QC.ZO]. @
i @‘H:HI/IX ‘@BBQHGMO HACTYITHI

Hexait ( 3dnaHa 1no 1CTh 3

cnpomeHHQ
A% a4, a,(a a, + 1@_ an_1 + Da,

3Biacu 4,, = A,
Ta Ma€ HACTYITHUMN BUTJISAL

“(an

Tomy BiamoBigHMIA BH@I HUIA P
< ; (0e]

3adikcyBaBIyM JaHUN o3miHHuM psj Jlropora 13 cymoro r
G
-1 n—-1
s\\ v r (10)
Ay
n=1

Yuciio r MOXKHA MTOJATH Y BUTIISIL

=d-—0»> d= OOE 1 b = OOE 1
'r'— — , Ae _— , —_— _—
— Ajiq e Ay
i=1 i=1
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Ocki1bKHM 3HaK03MIHHUMN psifl JIFopoTa abCOMOTHO 301KHUH, TO

i - =d+b
A, '
n=1

Osnauennss 13. Slxkmo (10) — 3amanmii 3Hako3MiHHWU psn Jlropora, M -

3adiKcoBaHa MiJIMHOXKHWHA HATYypaJIbHUX YKCEN, TOJ(1 YUCIIO

x=x(M) = Z (_11)4&, ne (11)
n=1 n

. = {1, AKIIO N
n |0, akwo ¢ M.
HA3MBAECTLCA MiACYM 3Ml y H}opom

Bupas (11) i ” OBH X (1)0 0 306pa31/1M0 y BI/IFJIH?

5152 Ene
BCI 3 a Ta I/IO CTKOBI €
HIII,'CYMaM Takox CIIOBH YMaMH C d lJ'IBIIIO OIO0, a

(—-b) — HaI/IMeHIJ_IOIO

O @Q’Q o@ @

N , HA3UBAIOTh MHOXXHMHOIO

HEMOBHHUX CYM 3HAKO3MIHHO 22].

Cnuparouuch Ha TIOHSIT OCYIOThCS IUJIIHJPIB, PO3TISHEMO
HACTYIHI TEOPEMHU. $\ @v

Teopema 11. Muoxuna gifieyMm psny Jlropora C, €:

1. BigpizKOoM [— - =1Vn€eN;

2. O6’€HH3HHHM&ICHHOFO yucia BIAPI3KIB Y BUMAJKY, KOMU a, = 1 s
BCIX N, 1110 OUIBII AEAKOro M;

3. JIOCKOHAJIOI Hine HE HIiIbHOI MHOXHMHOK O-mipm Jlebera, sxmo a, #

1 JJIA BCl€l MHOKMHH 3Ha4YEHB N.
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1.3.2. MHok1Ha HenmoBHUX cyM psiny Exrens

O3nauennsn 15. Psgom EHrenst Ha3uBa€eThCsA BUPa3 BUAY:
1 N 1 N 1
g1 +1 (g1 +1)(@q+1) (q1+1)(g,+1)(q3+1)

1€ q) — HaTypaJIbHI 4ncia, MPUIOMY

Ar+1 = 9k (13)

Yucna q; Ha3uBaroThes enementamu psaay Enrens [20, ¢.105].

+, (12)

SIckpaBUMM MPUKITaIaMA JTAHUX PSIIB €:

1. Z e Ae (ug) — Knacnq CJIlZ[OBH@ OHaql 6e3 MepIuioro YjeHa.

% > N @
: ﬁ RIS
nZ Gj@;%pk) Ta®a OBHICT"é@* ‘mce60

Skmo cymy & ) HO%\ pes rO

O_ \?s \}
R

JI”’ AnambGepa). 3po3ymiio,
Jema 9. [9] Masc@)ilmocﬂ

[(Ch +1)..(qn-1 + 1)]

ne [u] — e 1ija yacTrHa yKcia U.

Hosenenns. Hexaii X cyma psny Enrens (12), Toxi
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x = L 4ot Xn
q +1 (@1 +1)..(gn+1)
e
Xn = 1 + 1 + L +
" dn +1 (qn + 1)(Qn+1 + 1) (qn + 1)(qn+1 + 1)(Qn+2 + 1)
Jlemy noseneHo.

Hexait Bci q, = s — 1, Toni O4eBUAHO, MO P — 1€ CyMa BCIX YJICHIB

HECKIHYEHHOI CIIaJIHOT T€OMETPUYHOI IPOrpecii, A SIKOT MePIIMi YieH 1 3HAMEHHUK

I[OplBHIOIOTB —, a cyMa IbOro psay € paHIOHaHB@vJIOM

Jlema 10. Bci pi3Hi ps 51 Man 3H1 CYMI/I

Jlosedenns. Buko
[TpumycTimo I0Th [T p13 reJm Th OJIHA @
cymy S. Tomi Hg 792,93 %enemeﬂ pIIoro pﬂ Y, , 42,95 - é
CJIEMCHTHU @ro pamy. I[I/I pi3Hi @ 0 TakKe
HaTypajJbHE YHCIO M, 6
He nopymry BH yBaHB Ba)KaTI/I m < Qm-
’Z}

Ock11b 0 :>
(g % ;1) (@h+D

“ S’&
N 1
) ;&T/ @i+ D @mn + 1D

1
_ : : >
= Qm + 1)(Qm+1 +1)...(@men + 1)

ynp0TI/IBH

1 1
> - = - =
mtl L(@m+1" gntl qutl

10 S — s # 0. OTpUManu cynepeyHiCThb.
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Takum 4HOM, HE iCHYE ABa pi3HUX psiau EHTens, 1Mo MaroTh OJHAKOBY CyMY.
Tenep nepetizemMo 10 po3risiay MHOKHHHN HETIOBHHUX CyM psny EHrens.
Hexait (q,) — nesxa noBiibHa 3aikcoBaHa HECHaJHA TOCIiIOBHICTH
HaTypaabHUX dncen. PosrissHemo neskuii Bignosigauil psaa Exarens (12) 3 cymoro 1y.
Hexait mana A = {0, 1} ta L — MHOXWHaA HECKIHUEHHHUX ITOCITIIOBHOCTEH, IO
ckiagaerses 3 0 ta 1, ToOTO
L=AXAX--XAX---={a:a = (ay,a;,...,0,...),a € A}.

Cyma s =s({ax}) pany

e @g?(a,a €L, (14)

Ha3WBAETHCS 1T STy 1 pa3 ( oro c S dbopmaip

Oynemo 300paxa @HI{I A, c1 4acT CyMH U po
% M pméaﬂ (12) rfegnagnmo

OyayTh mi ;Iz[y Toaf

qyepes Cr

€ pAaOM EHFGJ’I?I, 1 KO

3 Bigpizka [0, 1].

Jami mu posristHeMapsaau E

AKUX CyMa MeHIIa 3a 1.

Jlist  noBeAeHHS HACTY. OpEMU TPUTraJa€MO HACTYMHHI BJIACTUBOCTI

HUJIIHJPIB Ta MWIHAPU @ KiB.
Jlema 11. HHH% Ta UWIHAPUYHI BIJIPI3KM MAalOTh JI€AKl HACTYIIHI
BJIACTUBOCTI.
1. infA; ¢, ¢, =Inflg o, o = Uy
sup Aclcz...cm = sup Aclcz m —To — Umy
A,clcz em© Aclcz...cm
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2. Jlna noBxMHM JaHOro Biapiska Ac ., .~ MalOTh MICUE HACTyIIHE
CIHIBBIIHOIICHHS
— ; ! —
|AC1C2...Cm| - dlamAC1C2...Cm_ rm - 0 (m - oo)'

3' AC1C2 ...Cmac A

C1C2..Cm

4. Aclcz .Cm0 nAclcz Cml™ @, IprugOMy

Kmy1 = |Aclcz...cm (Aclcz...cmo U Aclcz...cml)l =

(e )

1 1
T @A) @ D kzz z@'@i D

m+
1 O = 1
- (g1 +1).. QC &(an +71 (CIm+1-5k + 1))
Jlema 12. KOl I[OB b i mocmi 1 (ck)& aroTh %@‘

wactymi pi wxm
o %@ c}?‘” g

Oz.cro _ @ _ {Q,
iEA,i:

& 0 o8 S
Jlema 13 P113H1c® Q

s({an)) ‘ = s({by))

BUKOHYETHCS TO1 = bl nna Vi € N.

I[OBGI[CHH?I. I[aHe TBEP, BUIINIMBA€ 3 JBOX nonepenﬂlx JIEM

(BmacTuBOCTI 4 1EeMU 11 1 B o@ri 1 nemu 12).
Teopema 14. [2 HOXHUHA C,, HEMOBHUX CYM JIEIKOTO JOBLILHOIO

pany Exrens €
1)  KOHTHHYaJbHOIO;
2)  Hiae He IIIBHOIO;
3) JIOCKOHAJIOIO;

4)  muOoxwuHOIO 0-Mipu JleOera A.
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Joseoenns. 1. Te, mo muHOKMHA (), € KOHTUHYAJHHOI, BHUIUIMBAE i3

CIOp’€KTUBHOCTI BinoOpaxenus f: C,,, — [0, 1], o3HaueHOro piBHICTIO

f(Aalaz...an b Z 2_n
n=1

2. Te, mo MuoxuHa C, € HENUILHOKW BUIUIMBAE 3 jemu 11 Ta memu 12

(BmacTuBiCTh 4 Ta 2, BIACTUBICTH 2).

3. Hexaii X — gesika rpaHM4YHa TOYKa MHOKUHHU Cro. Tonmi mist JOBIIBHOTO

k € N Oyzne icHyBaTH €IWHUN UMIIHIPUYHUN OK Aa,0)ay@).ar0)= Bk
panry Kk, mo mictuth X. B 1@@ BUIIA, Ka X Mae HaJeXaTh OJHOMY 3
CyMDKHUX 3 Cp, IHTEpBAL : yBaJI96 0 TaKe — £ X + e) nec,, = 0. A

3aMKHCHa HO)I(

Ie CyNEPEYUTh YM a TO Tozu 13 Nrey @
MICTUTh €MH ;mo H@B z[ae 3 X. @ MHO)I(I/IHa
HpHHy0TPIMO I/IHa éif nie Mlc"C%HLOBa @, i Hexaii

‘11 az..ak

Tom €HHSM 1} HO1 Towye Take Ke, 110

+e)n @*}] 4)
O6epemo k Ta@emm@ ozu
@+ £)
i

| —_

x#Fx' =008 a1 +2ak+3 Ex—gx+e)n C

A 1ne cynepeuntsh (13).4O1ke, Cro — 3aMKHEHa MHOXWHA, [0 HE MICTHTH

.
, oHa/fiockoHaa.

130J1bOBaHUX TOYOK TO%
4.3 nemu 11 (BmacTABICTh 2) 1 temu 12 (BIacTUBICTH 2) CIIAYE, 110

A(C,,) = lim 27 S
( ) m—00 ((ql + 1 (]m + 1 Z Qm+1 + ]- (Qm+i + 1))

i=1

2m 2 2
< lim = lim =0
Tmooo (1) (gm 1) moe \ g+ 1 qm + 1
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Orxe, A(C,,) = 0.

1.3.3. MHokrHa HenmoBHUX cyM psiaiB Ocrporpaacskoro I-ro ta II-ro Buay
Osnavenna 16. Pamom Octporpaicbkoro 1-ro BHUIly HA3MBAEThCS BHpa3

BUTJAY

1 1 1 (-1 1!
—_ + —e— .. (15)
91 9192 419293 4192 ---qn

10 CKOPOYEHO 3aMUCYETHCS y BUTIISIL

04(91,92, 93, - L();

1 qnan T 6¥I[B akoro n € N. Yucna gn

cTpopbaiicbRero 1-r0 N[6 C. 26]
CKIH‘IGH 0

1B VTH 5K HUM, é
Jnisa ckinue oﬁc a qn Oy, @3'& I/ICXBaT CTpOTp CB oro y
b 1 T& ' 6@
Abo CKopo‘&qlqz @
Jst e HOl Ki %MCH&&E BI/IF ®q.q, .. ).

1HYe 51)1 Oc aZICbKOTQ BUJly SIK pE3yJIbTAT
CKIHYEHHOI KUIbKOC H Ha,u @4 JaMH, € palioHaIbHUM
yM

yuciaoMm. HeckiHueHHUN po3 OBax Ha (, € aOCOJIIOTHO

1€ qn — HATypaJIbHI

Ha3uBarOTh CJICMCHTaAM

30KHUM (1[0 JIETKO Te ’Anambepa 301KHOCTI JOJATHUX
pAIIB), TOMY TaKOX IPE € 1 &nno. 3po3ymifio, 110 MOTO Cyma JIEKHUTh
Mk 0 ta 1. Kpim Toro, BoHa € ip QHI/IM YHUCJIOM.

Cnpagni, npnnycmm o’ cyma psagy Ocrtporpaacekoro 1-ro Buay €

parioHaJTbHUM HHCHOMK\ Tonai MmaemMo piBHICTh

oo )
91 419> q1q2q3 192 ---qn

BizbmMeMo Oynb-sikuii Takuii HOMep n, mo n > b. IlomHOXMBIIM 00UIBI

YaCTHHU OCTaHHbOI PIBHOCTI Ha (10y...0 1 IEPEMICTUBIIM MEPIIi N TOJaHKIB 3 MPaBOi

YaCTUHU B JIIBY, OTPUMAEMO
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1 1
- (- bor),
An+1 An+19n+2
ne ¢ — 1iie yucio, ¢ # 0. Bupas y gykkax MeHIIun
1 1
<
an+1 n+1
3BIIKM Ma€MO HEpIBHICTh
el < ’
C —
n+1
Ockinmpku |c] 2 1, To b > n + 1, mo ¢ uTh BUOOpY n. OTpumana
CYTIEpPEYHICTD 1 JOBOAUTH 1ppal BHICTB C HOTO psIy.
Posrnsaemo moBiTb OBaHy éBHICIQ {qx} 3 HaTypasbHUX YHCENT

3a YMOBH, IO qk+1 % Bci IIpoa, MO Bi BII[HI/II/I in

OCTpOl"paI[CBKOFO 17918% (17 ' r q c 0’KHa @ BU/II
WX

OcKinbKu pSKQrpaﬂ%«@ OJIIOTHO@ Wit, TO @

1
42,49 ’ Q
Hexait ‘% SHHUX @o OCTEH, 110 CKJIQJAEThCS
3 0 Tal, ToOTO 6@ 6

L=A><A><...><A>< ..),a, € {0,1} = A}.
Cymas = s({ay} &

2 1—1)n ®'

> , ne @ el, (A7)

k1 v K
HA3UBAETHCA ITiJT sny (15). Bupas (17) ta #ioro cymy S (opmalibHO

3aMMINEMO Y BHIIAML Ay g) g, . - YCi 4acTKoBi cymu pany (15) e ¥oro mincymamu.
Psin Octporpancbkoro (15) Mmae KOHTHHYaIBHY MHOKHHY Mmijacym [7, €.98].

Tenep posrisiHEMO TOIOJIOTO-METPUHI Ta (PpakTanbHi BiacTuBOCTI C, BCiX
migcym psay Octporpaacskoro 1-ro Buny (15). OueBuano C, < [—b, d].

Teopema 15.[7. c. 100 [Muoxwuna C, migcym psay Octporpaacbkoro (15) €



31

1) Hijie HE MUIBHOO;

2) TOCKOHAJIO0;

3) muoxuHOIO 0-Mipu JlebGera A;

4) MHOXXHWHOIO0, sIKa Ma€ HYJIbOBY po3MmipHocTi Xaycaopha—besukopuua a.

Jlosedenns. 1. BnactuBicth 1 — odeBHHA (32 BIACTHBOCTAMH ITMTIHAPUIHUX
BIJIPi3KiB, HaBeICHUX B jemi 11).

2. Hexaii X — nesixka rpaHndHa TOYKa MHOKHUHH C,.. Toi 171 JOBIIBHOTO YHCIIa
k € N icaye nuniaapuunuii Binpizox A* panry k, %Mae X. YV HIIOMY BHUIAJKY

TOYKa X Mayia O HajlexaTu O):[H 3 CyMl)KHI/IX@) amiB 3 C, Ta icHyBano & > 0

Take, mo (x —&,x + ¢€) . eqm TBEP/DKCHHIO,  IT[0
X — 11e TPaHUYHA TOYK Ql ne I/I MicC WHY TOYKY,
HaJICXKHTh C, 1 361r$ ﬂ b 2\ QI%
Otx %MKHGH & 0
@n TUM Q

onHa 13 Hux. Toxl 3a,0 - i € Take s@

O6ep QK
Tom % (x - g az..ar(1=Ag41)Ag42Ak+3 €
% O)KI/IHa C — 3aMKHCHaA Ta HC

(x—gx+¢)NC,, CyI

MICTHUTb 130JIbOBAHUX TOYOK,

3.3 nemu 11 cmix

1
A(C,) = lim 2™ <

m—o Qm+1Qm+2 Am+i

2
e )=
CIZ dm

Otxe, A(C,) = 0.
4. Bei nMIiHAPUYHI BIAPI3KK paHTy M YTBOPIOKOTH MOKPUTTSI MHOXUHU C,.. A

0.-00’€M IIbOTO MOKPUTTS PIBHUN
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[oe] a
1 1
I2(C,) = 2™ > <
4192 ---4m e Am+19m+2 - Qm+i
2

2 2
ST al v Ta
a; 4; dm

. : . 2 .
Ockinpku st Va > 0 ta gosuteHOro 6 > 0 icHye Take M, mo — < &, Tojl

m

it Oynmb-skux a > 0Tae > 0 MoxHa BKaszaTh Take uyucio m, mo L[5 (C,.) < e.
Takum umHOM, o-MmipHa Mipa Xaycmopdpa H,(C,) =0 nmias Oyms-skoro a > 0,

IHIIUMU CJIOBaMH po3MipHicTh Xaycaopha—besu HOXXHUHH C,- TOpiBHIOE (.

[Tepeiinemo 10 psiiB O @ pPaJICHKOT
Osnauenns 17. [17 Yucn B

.
aT§MLH1 1 qn+ (qn +1 ,@ € 3ABAETHCS
panoM OcTpOrpaachbk BU]TY.

HpI/IKJ'IaI[a @oro 2- @: Taki psm@
Q " 2 4 6 * 18
1

)1 'i =
) 2 7 59 3541 %’
ae {pt— HGCKIHHGH%@BHICTB MPOCTUX YUCEJN TaKa, Mo Py = 2, P2 = 7

ps =59 &

Px — HaWMEHIIIe IPOETEe YHCII0 TaKe, M0 Py > Pr-1(Ps—; + 1).

3ayesancennsn. IcayroTs psiau OcTporpajcekoro 1-ro Buay, siKi HE € psaaMu
OcTporpajcbkoro 2-ro BUy 1 HaBMaKH.

Crnpagni, psa Octporpaacskoro 1-ro Bugy
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(— 1)" 1 1 1 1
Z SloatyTat
He € psagoMm OcTporpaacbkoro 2-ro BUAY, OCKITBKM HE BUKOHYETHCS, IIO

qn+1 = qn(qn + 1)-

[Ipuknagom pspgy OcTporpaacbkoro 2-ro BUAY, IO HE € PAIOM
Octporpaacekoro 1-ro Buny, € psan 3.

Jlema 14. [18, c. 178] Psx Ocrtporpaacbkoro 1-ro BHIYy € pSIOM
OcTporpajcbkoro 2-ro BHAY TOJI 1 TUIbKU TOIIWH s jpoButbHOro k € N

BUKOHY€ETHCS HEPIBHICTh

Q qy - %9)
JloBeIEHHS. Oqe % aJ:(CLKGKt IO BHIY (]@
BUKOHYETBCS Y g@ TO BiH 0 OCTpo ro 2-r 1AmIoBigH

O3HAYCHHS
aI/IMH JTHOTO 3 9) HE

BUKOHYETBCS, TOX @L\YETBC?I 03Ha Ta pSI z:e psaIoM
OCTpOFpa)ICLKO

Posr eﬂKl B
Jlema ¥ J1na He}% hcian E@uomnm OCTpOI’paJICBKOFO 2-T0

BUY BUKOHYIOTLCA @] l@
1. g, = n|, @
2. Qn+1 2 Gnn-1 q,+1 2+t quln-1 + qn;
3. Gnez > G¢ > CQ\
Gni2 > q% > 22", @
b o S e sf\{%'

5 Zl n+1
1 1

q1---An
6. < 1 1 1

T gl +1
I Gttt et Yo,

qn+1

Jlogedenns. llepiie TBEpIKEHHS € OYEBUIHUM. A OCh TBEP/KCHHS 2 Oyne

HACJIIJIKOM JICSIKUX 1HIYKTUBHUX MIPKYBaHb:



34

eZal@a+1)=¢g+q>¢+1>q;
B> e@+]l) =G+ > eala+ 1)+ g;

k1 = (@ +1) > @ege—1 - (@ + 1)+ qe. .2+ oo+ Q@1 + .

Y CcBOW uepry TpeTe CHIBBIIHOUIEHHS € HaciiakoM pApyroro. Ilepina

HEPIBHICTb 3 MYHKTY 4 BUIUIMBAE 13 HACTYMTHUX MIPKYBaHb:

1 & _ %=,
I+l qnt+1l  quua(gn+1) —

Jlpyra 3 HepiBHOCTEH 4 OTpUMaHa 3 TaKuX @aomeHb:

—1—-q, 1
E - dn ‘|Q n(fl)n +& n(Gng* 1)~ s '
PO & P
CH1BBITHOIICH :

{ www - .
" Gn-2(Gn—o+ 1)% 1@&2 +1+ qﬂl_z + qn_zlqﬂ_1

Hami, BI/IKOpI/ICTOEyIm €TOJI MaTeMaTHYHOI IHAYyKIii,3a N — 3 KpOKH

OJIEPKY€EMO TIepuIy 3 H N 1 6. A npyra — o4eBHJIHA.

) . q
Hacniook 6. lim,,_,,, — = 0.
dn+1

3aysaoicenns. Bei psau OcTporpaachbKoro 2-ro BUAy € aOCOIOTHO 301KHUMU.

) 1 X )
CropaBai, P Dpe1 = II0 CKJIATaeThCs 3 MOAYJIB wieHiB psaay (18), €
n

301>kHUM 3a o3Hakoro Jlanmambepa:
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1 1
— =1 - -0 (n— o).

An+1 . an An+1 B an +1
Hesixka cyma S psagy Octporpazacekoro 2-ro Buay (18) 3a Teopemoro JleiiOHima

L : . 1 :
(mpo 30DKHICTH 3HAKO3MIHHHX YHCIIOBUX PSIIiB) HE TCPEBHUIIYE o Kpim ToTO,
1
MaloTh MICII€ HACTYITHI TBEPKEHHSI.
Jlema 16. Yci 4acTKOB1 CyMH
1 1 (—1)"‘1
Sn -
a1 Q2 q
psxy Octporpagchkoro ( 6y,ZLYTI> z[oz[a UM, @ TAKOX:
1) cyma S € OuIbBIIO CTKOB @mpmgo MOPAJIKY, SIKI YTBOPIOIOTh

3pOCTarouy MOCIIiI0BHI
2) cyma S € HIXK Jac CyMH @0 HOpﬂ& i yTBOp @'
CIIAJIHY YMC BA OBHICTb, % 6
0 % S2k+2 SZkHéQ 60

,Z]oee()eHHﬂ Ps YKHA 3 y BUT

— q2k-1 n Q2k+2 — 92k+1 _

q2k-192k Q2k+192k+2
= SZk + Z SZk + q2k+1 > SZk;
q2k+2

5‘ Q2k+1 — 92k
s<S =S ) =S,  ———<
2lerl 2 A2k Y2k+1 2kt Q2k+192k

Jlemy noBeneHo.

SZk—l'

Jlema 17. Sxmo S — 1e cyma psaay Ocrtporpaacekoro (20), To g, = E] — e

. 1
OuIa 4aCTHHA 4HcCiaa E
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. . 1
Hacniook 7. Lina qaCTI/IHa[1 - i,_,L(-l)"‘le] = qp.
491 9xg+1  4n
Hexaii M — jgesxa miOMHOMXHHA MHOXHKHHM N. Po3rmisiHeMO HOBUILHHH

¢ikcoBanuii uncnoBuii psg Octporpancskoro (18).

Osnavennsn 18. [19, c¢. 180]Ywucio

(-

x=x(M) = o

keEMcN

HA3UBAEThCA MigcyMoro psiy Octporpaackkoro 2-ro Buay (18).
[To iHImOMYy, KOKHE 9UCIIO O

—_1\k
Q b)) 19) ¢
10 ¥psiy, @‘—Iﬂcno X@\n BHUP \) q)opMan%
I103HAYaTHMEMO 2 * & 0
[@n ae, % TKOBi O n Ta 3am/1 E 0

psiy Oc a BKOTO ay (18) 6@5 fioro @IQ/IMI/I cymamu. Ase

HE TUIBKUA

Ha3HMBa€THCA

OueBuaHO, mod e
O3nauenna 19. M

MHOKHMHOIO MiZICYyM pﬂ%
Teopema 12. [23, c.66]Muoxuna C miacym psimy OcTporpajacbkoro 2-ro BUIY

1) Hijie HE MUIBHOIO;
2) TOCKOHAJIO0;

3) HyIb-MHOXUHOIO JleOera;
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4) maoxuHnoro 0-mipu Xaycnopda-besnkoBuua.

Jlosedenns. 1. Ilepiie TBEpHKEHHS BUIUIMBAE 3 BIACTUBOCTEH IMITITHAPUIHUX
MHOHH.

2. Slxuo X — 1ue rpaHMYHa TOYKa MHOXUHU miacym C, TO s JAEsIKOTro

JOBUIBHOTO k iCHY€ HWIIHAPUYHUN BiAPI30K A B SIKIH MICTHTBCS X, OCKITIBKU

C1C2...Ck !
B IHIIOMY BUNAJKy X BXOJMUB OU JI0 OJTHOTO 13 CYMDKHHMX IHTEpBAJIIB Ta iCHYBaJIO O
e > 0 Take, mo

x—&x+e)NC =

A 11e cymnepeunTh YMOBI, WQ X — TpaHUIHaTro9kd MHOKUHU C.
[Tepepi3 6 .
Q 287 \ U
MICT a% TOYKY, @n HAICHKA %a cri 3 x. Ot G- ue
R B\ J

3aMKHCHa

[Ipunyctumo Mae 130®£1 TOHKH,@a Ly JHA 3 HUX.
Tomi, 13 03Haqe®3 i 1
(x

Oo6epemo k Tal%

! O
x = x' = 'ak(l_ﬁx,ﬁakﬁme (x — & x + ¢),
M

o cymnepeunts (20).°O1xe KHEHAa MHOXXHMHA, III0 HE Ma€ 13071bOBAHUX
TOUYOK, TOOTO 32 O3HAUYEHHSIM CKOHAJIOK0.

3. 3 gemm 11 ( ’ uBo€reii 6 1 3) maemo, mo wmipa Jlebera muoxuuu C

0 zaxe, mo

BUPAXOBYETHCA 3a (HhOpMY.

(e )

A(C) = lim 2™ Z !

m— oo ;
i=m+1 4

3a nemoto 11 (BmactuBocTi 5 1 3) Maemo
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A(C) = lim

4. Yci UnIiHAPUYHI BIIPI3KH PAHTY M CTBOPIOIOTH MOKPHUTTSI MHOKHHH TTiJICYM

C. Toni a-00’€M TaKOro MOKPUTTS BUPAKAETHCSI HACTYITHUM YHHOM

s 3 L)

k=m+1

3a nemotro 11 (BracTuBicTh 5)

3Ba)kar04yM Ha MOPsi eneMe& (mema 11, BmacTuBicTh 3), MaeMo:
.

la a

(q 7 AN (b'
OCK%)M% ﬂﬂ@@%hﬁﬂ@ c'} 0
10 « %
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BucnoBku 10 posaiay I

VY mpoMy po3JIiai MH OTICATH TEOPETHUHI Ta MOHATIHHI OCHOBH JOCIIHKCHHS.
Posrmsinynu teopemy C.Kakes Ta Ounbll yTouHeHi, o cliayioTh 3 Hei. HaBeneHo
JIEeK1JIbKa KOHKPETHUX MPUKIIAJIB 3HAXOIKEHHSI MHOKMHHU HETIOBHUX CYM YHCJIOBOTO
pany.

JlocmiKyIOThCSL psii OKpeMux BUAIB: psay Jlropora, psay Exrens ta psgy
Octporpancekoro I-ro ta II-ro Buay. HaBeneni mpuxiaad mUX YUCIOBUX PAJIIB.
PosrnsiHyTi MHOXHUHH MiJICyM p;u:[iB JIropora, 1, Octporpaacbkoro. s
BCTAHOBJICHHSI THUITIB MHOXHUH IIJICYM IIHX pS[ %j

TKOBO PO3IJIAHYTO ITOHATTA

I_II/IJ'IIHI[pa I_II/IJ'IIHI[pI/I‘-IHOFO Ta 1 CTeI/k

HayKkoBi pe3yJ1 L[my B :?aqmam . B MOJAJIBIIO
HOCITIDKEHH. *@ 6 & 00%
@\ Qx\o S
@Q‘ \‘»

(QQ

> (OQ S
>

s’\\/\/
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PO311J 2. BACTOCYBAHHA MHOKUH HEITOBHUX CYM
YUCJIOBUX PAJIB Y TEOPII UMOBIPHOCTI TA ®PAKTAJIBHOMY
AHAJII3I

2.1. 3acTocyBaHHS TOIOJIOTO-MEeTPHUYHHUX BJIACTUBOCTEH MHOKHH
HEMOBHUX CyM YHCJOBHX PAXIB y Teopil iMOBipHOCTI

Po3zrasaeMo BUIIAAKOBY BCIIMYNHY

=) anén 630
n=1
e QO
J N
an=a¢+---+ ,@(22}&\ (b'
n=1 ﬂ \2\ 0
— 1€ 36i@0ﬂonm®c Bbﬁ@lﬂﬂ ﬂKO&yGTB(®J3}’HHa
YMOBA OJHORLLHOCTI ¢ @ % 6
Q = an4 vn € WV, (23)
(&,) — 1e moca &TE Bnna@@ BQCJ'II/I‘—II/IQC%ILTM,MHI
P{, _p0n>® 1n>(Q nt pn =1
BrmactBocTi %’ i qyuHA ¢ BH3HAYAIOTHCS
7a 2

OJTHO3HAYHO IMOCJIJ €CKIHYEHHOIO CTOXAaCTUYHOIO

MaTpPHIICIO ||pl-n||. Jo peqi,@ i BEIMYMHM & HAJICXKHUTh JO KJIacy

HECKIHUEHHUX 3ropmx<?& CTl SKUX JOCIIJDKYIOThCS Maiike

cromitra. HeoOximui 1 noerarHi %a&ommﬂoi HETMEepPEepBHOCTI BUMAJAKOBOI

BeIMUMHU & 1 Joci HeBiJ:LO;LB JUIST HAMMPOCTIIIOTO CUMETPUYHOTO BUMAAKY
.

BUITAKOBUX CTCHCHGB!&%

[0 BIAINOBIIA€ JaHIA YBUOAJAKOBIN BEJIWYWHI HA3UBAETHCA HECKIHUYEHHOIO

n 1 & . .
B SIKUX A, = A" 1 po, = > MmogipHicHa Mipa g,

CUMETPUYHOIO 3ropTkoro bepuyimii [24, . 55].
S0 ’x He HaKJIaJaTH KOJIHUX 0OOMEKEHb Ha MOCTiI0BHOCTI (a,,) Ta (Poy), TO

MMOBIPHICHI MIpHU |1 = [ HA3UBAIOLOCS y3aralbHEHUMU 3ropTKamMu bepryii.
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3 teopemu Jxeccena—Binthepa [3,C. 48] cmiaye, 1m0 BumagkoBa BelInYrHA &
Ma€ YMCTO JICOETIBCHKUI THIT PO3MOLTY, TOOTO (PyHKIIis po3moainy Oyae abo 4nucTo
JTUCKPETHOIO, a00 X CyTO aOCOJIOTHO HEMepepBHOIO, a00 CHHTYJISAPHOIO (TOOTO
HernepepBHOIO QYHKIIIEI0, B SIKIM MOX1JHA MalKe CKp13b JOPIBHIOE HYJIIO B PO3YMIHHI
mipu Jlebera).

PosuuissHemo BiacTUBOCTI psaay (22), 110 BOJIOAIE YMOBOK OAHOPiTHOCTI (23)
[14, c.31].

Jlema 18. Hexaii a,,a, — nonaTHi niﬁc%na, TOJl JBOIapaMeTpUYHa

O
HI/II/I 710 @zn L \ne 361KH 6@

[MOCJIIIOBHICTD

Ap+2

OyJle HECKIHUE

,ZIoee()eH OCTI §
3 1bOro Ciif Qnocmno Si;am 1) a ( )6yny’® umu. Kpim

TOTO, OCKiJ’IBKI/I an+3 A N TO

_ an+3
An n+2 — D ‘a% > 0;,
TOOTO, CHaI[HHMae U 1100y

Tomi O
T & n
o1 = a1 1,  Q2p+2 = A2 H a2k -

Tomy q{
*
Ayp—q < a&\ 0i a,<ay,qy'->0 npun- o

Omxe, mocmigoBHOCTI (Apy,—q1) 1 (Apy,) € HECKIHYEHHO MAalMMH, SIK 1 BCA

MOCIIOBHICTD (a,). OTXe, HEOOXiIHA yMOBa 301KHOCTI psay Oyle BUKOHYBATHCS.

OCKUIbKH
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[ 0]
Zﬂen 1< Zq” L — ai(1+az) i Zﬂzn azZqS'l = az(1 + a3),
n=1

n—1

TO PO3TIISTHYTHH Pl 301TaETHCS.

Teopema 12. [2] Ans Toro, mo0 BUKOHYBaJAacs yMOBa OJHOPiAHOCTI (23) mist
pany (22) HeOOXiAHO 1 TOCTATHRO, I00 /IS BCiX HOTO YICHIB BUKOHYBAJIACh PiBHICTh
(24).

Jlosedenns. HeoOximnicth. Hexait psiq 30DKHME Ta 3aI0BOJIBHSE YMOBY

oxHopigHocti (23), Toai g V n € N mMae Mmiciie cn®

Up410n = Tyl = + Up+ 4 +

a a a

n+2Un+1 — Q n-l.—} .

Skio BII[HSI epIoi % i Ipyry QM&GMO&\ 0@'
ﬁ‘ an+1®w anou\—x R

3BiJT riiBae PIBAICTH (2

JlocTaTHICTb. %4) CIld oBa (23).

OCKiTbKH po3T [i psi 30] 0 3 p1 4) 0 UM piBHICTH (25)

Bpaxosyioq n+2 = n+29
Tn+z = %Q

110 B CBOIO qe@ﬂ @
Thn+1 — +1, = 1,2,3, e
3BIAKA Tp4q — Tn+1+l 1qn+
OcCK1J1bKH

hm (Tn+1 an hm The1 — h_)rg) Ap1apn =0,

n—-oo

. /\/
Tl —&xan =0& ry1 = ap1a, Vn € N,

JlocTaTHICTB Ta 1 BCA TeOpeMa JI0BECHI.

; =const nns Bcix [ EN.

TO

Jlema 19. Psan (22), sikuii 3a10BOJIbHSAE YMOBY OAHOPIAHOCTI (23), MaTHMe cymy
7‘0 == a1 + az + alaz. (26)

JoBenenns. 3 piBHocTi (23) oTprMaeMo piBHICTh



43

aa, = das + a, + a5+....
Jlonamo 10 000X YacTUH MOMEPEHBOT PIBHOCTI @ + a,, oTpuMaemo (26).
Jlema 20. Iy uneniB psaay (22), sskuii 3a10BOJIBHSIE YMOBY OJTHOpiqHOCTI (23),

BUKOHYIOTbCSI HACTYITHI PIBHOCTI

a
lim —2=0, (27)

n—oo an

a
lim — =0, (28)

n—oo qn

1111_{{)10 a,n! =0, f@

1e q — 1€ Jesike niﬁcne@o i3(0,1
JoBeneHHs. Skiio B@aaﬂd f}fl)& £ 010% m’@icn (23), 6ynemo matu
.
Ql _ayn 13t a o > @
@nﬂ Qp, ‘ 0
’
Postfisa TUTST &;ro n

1 psia 301 EN

pu n. — 00, TOOTO

Q a
&an li 3 +
0’00 n- 1 anj +1
A 1O @
N —@
n—

Ta PiBHICTH (27) AOBENEHO.

3 mi€i piBHOCTI (2 Ba€ 1 TaKkoro ny € N, mo st KOXHOTO

JIOBUJIBHOTO JOCTAaTHBO oro & 11 BCIX N > Ny Mae MiIClle HaCTyITHA
. . a o

HepiBHICTE ——= < & abo a n- Hexat a,,s <1 ans Oyap-sikoro s =

an

0,1,2,.... Toni Maemo @1
<

2 S S
Am+s mis+1 < EQpys—p < < E7Ap < E7.
_ 1
OTxe, Ay < &°aboa, <" M= g—msn =ce", jes =n—m,c = const.
B3sBum € < q, maemo piBHICTH (28).

3 piBHOCTI (27) ciimye iCHYBaHHS JSIKOrO HOMepy M, IO I BCIX M =>m

BUKOHYETHCA Apyq < A, < 1. OWIHUMO NESK1 YWICHU PSIY:
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Am+1am

2
< amam+1 < az.?-n',
1+ Am+1

Am+2 =

_ Om2Gmia 2 3
43 = 7 < Qu4+20m41 < A Ay < Gy,
I+ Am+2

Am4+-3Am+-2

Ut = — 22 < a3 Qman < G502 = a?,,
I+ Am+3
Qm+-4Am+-3 5

Ui = ——2 < g3 < a0, = @
1+ Am+4

Hecknagno HOMITHTI/I 10 IIOKa3HUKH CT u]+111JI€H1B a,, e 1, SKUMHU

OOMEXKYIOTBCSA WICHH 4o, MyIOTB I%@’ nmocioBHICTh DiboHaY4Tl 3

S— Q N AN LN
@i@“ F L

ep =400 S5 NN
Orxe, OTpI/IMaGQ @ % b
o @
a, = i am ’

nep =a,, 3 (0, %
Ins 1o z[eH HO TIO @ llmn_,oo(p n') = 0.

A 11e crmigye 3 TOro, 110 n' < 2 Ta TOro, 110 llmn_)oo(p

n) = 0. (xpim TOTO, p5 Oyne 301KHUM).
Hacniook 8. [21,% ro nosimsHOTO q € (0,1) icHye Takwmii
HOMEp Ny, 10 TP BCIX N > N HsI€ HEPIBHICT a, < q".

PosrystHemo nesiky, B z[ Y BEJIMUUHY

\ (—1)* 1z,

a1 £ a1(a1 + Day(a; +1) - .- ag_q(ax—1 + Day

ne (Tj) — TOCIIIOBHICTh BHUITAKOBUX HE3aJICIKHUX BEIWYHH, 10 TPUHAMAIOTh
3HadeHHs 0 1 1 3 UMOBIPHOCTAMH Dy, P1x BIATIOBIAHO, 1 IPU IIOMY Por + P1x = 1.

3a Teopemoro [[xeccena-BinTHepa BumagkoBa BennuumHa X Oyae matu abo cyTo
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JTMCKPETHUH, a00 CYTO CUHTYJISIpHHH, 200 K CyTO aOCOIOTHO HEMIEPEPBHUN PO3ITOILT

(BimHOCHO MipH JleGera).

Teopema 12. BunaakoBa BenuurHa X Ma€ TUCKPETHUHN PO3MOILT, TOAI 1 TUTHKA

TOJ1, KOJIH

Prax = Hmax{pok, plk} >0
k=1

Hacniook 9. [8, c. 216]B1/mam<013a BeJMUMHA X Ma€ HEMepepBHUN PO3MOILI,

TOJI1 1 TUTBKH TOM1, KOJH Pyqy =

Osnauenns 20. MHOXH cix TO‘IOK 0 yHKui'l' PO3MOILTY BHUIAJAKOBOI
BEJIMYMHH HA3UBAETHCS CIT x , T Tpoyoe Taka MiHiMaJIbHA 3aMKHEHA

MHOHWHA, JIe 30Ccepe]] 3n0
x:FX(x% y(x —¢) e>0 0@
ﬂ) {x: 0Ve
u@) X [ € O k € N, empb ThCS 3
MHOXMHOIO BCIX IIi 3HAKO3 p;my J@ VY 3a y BUIAJIKY
CIIpaBeTHBE H pa
Jlema : HeKTp 0111J1y KOBOI u X Ha3uBa€EThCS

3aMUKaHHA )KI/IHI/I

D € N}.
Ag, . e..=x €E.Toni

{x:

Jloseoenns. 1. Ilokax

PQ\Q . &p£l>0 vk € N.
JIns noBijabHOTO £ > TaKe 10

.

&\ &y & (x —&x+ 8)

Tomy

&

PXe(x—-gx+e)=2P{XeA, . }>0}
TOOTO X € SX I E C Sx.
2. osenemo temep, mo Sy C E. Hexaii x € Sy, T0OTO

PIXeE(x—¢gx+e)}>0vVe>0 (30)
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[Ipunycrumo, mo icHye take K, mo p,, , = 0. Toxi

k
]P){X € Ael...sk} = l_Ipsii = O
i=1

PosrisiHeMo JiesiKe NOBUIBHE YHMCIO X Take, o X € Ay . . Toxl MOXIuBI
BUTIAKU:
1)icnye € > O rake, mo (x —&x +¢&) C A,y ¢ .

) (x—gx+e)é¢ Ag, .. M9 TOBUIBHOTO & > 0.

VY mepiioMy myHKTI
P{X € (x@+e) <é&l .} =0}

10 CyNepeyuTs (
VY iHmomy B € OI[H OHHBOIO @HO}O T(& MHOKHUH @
Jl71st TOuHOCTI, HE OCTOPO % Tomi 1 Take £ > 6
Oy e DT D
I B upomy BHIIA, @ 6
'ﬂg{ x = = P{)@ Z e} =0 @
A ue l@lI/ITB yMOBI . Otpmya poTupi

1 nesikoro k€ N, To

Otxe, E = Sy,

Teopema 13. [8] Po3ngai PHHUM PO3MOJIIIIOM KaHTOPIBCHKOTO

TUILYy y BUIAJKY, SKIIO YAb-5IKO1 HECKIHUEHHOT MHOKHHH

3Ha4YeHb N.

Hosenenns. [lpu Py, gy = 0 omn BIJIIOBIIHO J0 HACJIIAKY 3 TeopeMu 3, €
HETIEPEPBHUM. OCKIJIBKH a ¥ledera A(C,) = 0, sxmo a, # 1 nmna geskoi
HECKIHYEHHO1 MHO)I(I/IH Hb N T0 1 A(Sy) = 0. Takum umnom, X Oyne mMaTu

CUHTYJISIPHUH PO3IOILT KaHTOPIBCHKOTO TUITY, a 11 1 Tpeba 0yJI0 JOBECTH.
OyHKI1II0 po3noAlTy Fy neskoi BUaAKOBOI BETHYUHUA X TOCTATHHO BU3HAYUTH
Ha TOYKaX CIEKTpa PO3MOJiIy Sy, 00 B IHIIUX TOYKaX BOHA OyJ/ie JOBHU3HAYATHUCS 32

HENEePEPBHICTIO 1 MOHOTOHHICTIO.
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Jlema 22. 'V touumi A, .= Xx €Sy GyHkuia posnoniny Fy BUNamkoBoi

BEJIMUYMHU X 300paKy€eThCs

00 k-1
Fx(x) = ﬂsll + Z ,Bskk npsjj ’ (31)
k=2 j=1

ExPok» IpU HEMapHOMY K,

A By = {(1 — &)P1x, TpHU IapHOMY K.

Hoenenns. Hexait moxis {X < x} mae Bupas

X <x}={r;<e}ufry=¢,7>5}U Qel,rz = &,,T3 < &} U ...
U{t, =¢,71 2y eees The _G,Tk Vedu.,
7ie CUMBOJ V Ma€ H qil\jicrgg N
.
@Q e SN 4o AN o
Toni A‘ % ’® 0 ’0
P{X @IP’{ < &} 1=8&,T1 + P{r;, = €5, T3 0&
OcCK1IbKH n«

OTtxe, yHKIIS p Fy(x < x}Bupaxaerbcs y Gopmi (7).

Teopema 14. [27, c. 312]D o3noauty Fy JesKoi BUMIAJKOBO1 BEJIMUUHU

X BUpaXaeTbCs

% Fy (1) = Fy (),
nex =sup{u: u € x,u € Sy}.

Teopema 14 popmyntoeThes 3 ieMu 6 Ta 03Ha4Y€HHS (QYHKIIT PO3MOALTY.
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2.2. BukopucTaHHSI BJACTHBOCTEl MHOKMHU HEMOBHUX CYM YHCJIOBHX
PAdiB y (ppaKkTaAJIBLHOMY aHAJI3I
Jami po3risiHeMo MHOXUHY E; miacyMm psay

) ) a; + a,
a1+a2+a1/‘l+a2}.+a1}. +a2/1 +=1—_/1,(32)

ne a,,a,, A — 1e giicHi uncna, a,; > a,, A € (0,1).
3ayeascennsn. 3rpynyeMo momnapHo wieHH psay (32) 1 BpaxyBYyHOYH, IO

KOe(ILIEHTH E5,,_1 0, + €5,a, IPH BCiX wieHaX A"~ HaGyBarOTh YOTHPHU 3HAYEHHS,

MHOXHUHY NBJICYM psiay (32) 3anmumemo y BI/IFJIH[Ov

QQT}H n 1 € {0,‘11,(12,(11—‘(-@2}}

n=1

MHOXH1HA E anacs % 96], @‘OBOPI/IK 0 st @
):[aTH Qi’

BCiX 1 > -B % era. I\% yII10 J10 z(e 0 ICHYyBaHH
S TS
IiTEHOT OCJaHH M, @ - J'IH KO @ '16 2 Oyze
MaTy HyJIbOBY MipY, .Tamp HE 6yn YIHKO BKa3aH YEHHSL.
KUHA CyM p

3ayBaxe

CyMOIO BHUX CyM DSIiB
Yn=10:9 " Nra X, °° T06

q =

—{xx—a

e
3 Teopemu 1.1. pooodm, [1] cui JUIE Maike BCiX (CTOCYEThCS MipH

1
JleGera) 3HaueHb q € (Z’ 1), ap Ha CyMa JIBOX JCSKUX MHOXKMH HETIOBHHMX
1

CYM TeOMETPHIHUX PSAIB 3 m
MipH. \\

Teopema 16. Muoxwuna E; miacym psaay (32) €

e BEKTO }Q(apﬂq)MeTHtIHOIO)

aEE }bEE{aqnl}}

a;q ™" 1 1ia,q™ ! Gyne MHOKHMHOIO TOAATHBOT

. . 1
1) Hige He mwinbHOIO 0-MHOXMHOO Jlebera, npu A € (0 ; Z);

iz],npnle[max{al_az, %2 };1);

2aq a;— 2a,

2) Bimpizkom [O, ! J:
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3) MHOKHUHOIO JIOAaTHHOT MipHu JleGera npu Maibke

: 1 -
BCcix 1 € (Z s max {al 22 %2 })

2a1 ! a;— Zaz

[Tpu ubomy po3mipuicts ['aycnopda-besnkopuua muoxunm E; piBHa
ao(Ep) = —log; 4

npu Maibke Bcix (e y po3yminHi mipu JleOera) 3HaueHb A E( ) (mpu Bcix

A € (=;max {22 ) [12, c. 198].
(Gmer s 25}

2aq
Tomy B maHoMy TyHKTI MH JOCTIIEMO B BbHI BJIACTMBOCTI MHOXXHHH
HEMOBHUX cyM psay (32) nus @B&HOFO A= = q € M, 10670 pany

a, + a, + a.q + ca?q &Zq Z + \(al a2)2 (32)

[Ipencrasn KUHY %nomaq Eq 0
Hecgfian omm@ Heﬁ\ (33)&0315?;1%}«10@

OJTHOP1THO o n):
Azn-1 —« A 2n+1 n+2: =
3 KOl HEpiBHI 1< IS BCIX W QN HpH JEAKHX
cniBBinHou_@g qHce % cupaBgnBa oOaHa 13 JBOX
HEPIBHOCTEH %%0 a
Teopema 17. [2 50] y (33) €

1) Bimpizkom [O
2) Hime He mms&w&-& oto JleGera, posmipHicth ['aycmopda-

be3ukoBuya K01 JOPIBHIOE

logal—az (2 + \/—)

HpI/I—E(\/_,l) s\\é\/ o

JloBenenns. 1) O4eBUIHO, IO Ay = A on + A onsq1 + A opyo < Top_q IPH

BCix HOMepax N. HepiBHICTh a,, < 1y, PIBHOCWIbHA HACTYMHINA HEPIBHOCTI A, <

2 2
ai“+a 1
# AKa CIpaBeIInBa I[J'ISI —= E (O ]
2

V3



50

Takum uymHOM, IS BCiX M € N chnpaBenjiuBa HEPIBHICTh A, <1y, 1O Yy
BUITAJIKYy HE3POCTaIUO0i MociioBHOCTI (a,) Oyae HEOOXiTHOI Ta JOCTATHBOKO IS
TOr0, 100 E; Oyna Biapi3KoM.

3a3HaYMMoO, 110 Y pa3i HEMOHOTOHHOI MOCIIJOBHOCTI (@,) BCIX YWICHIB PsIy
(22), ymoBa a, <1,, Vn € N, Oyne AOCTaTHLOIO IS TOro, II00 JaHa MHOKHHA
nijacym Oyiia BiIpi3KOM, ajie BOHA HE € HEOOX1THOIO.

2) OCKUIBKU Qyq,_q > Ay, TMPHU BCIX N, TOJI MOCIIAOBHICTE (@,) WICHIB Ay

ai(a;—as)
<41 © A <———,

(33) He Oyme MOHOTOHHOIO JIMIIE Y BUIAJKY, 5K P
1 2

’ . G2 o1
,\/_). Y pazi E(\E’l)’ TO

MOCITIIOBHICTD WICHIB @Q oymeh &IO 1 TOM NBClx neEN BI/IKOHYIOT
HEpiBHOCTI: @ 6
Aop > T2, i *1...Cop 201 < ' 1@,1 1 Ar:]

max

__b 60

: N

Otxe, 1HTEpB BI/IJ.Iy ¢y Cym_,0 5 MIN Acl---czn—ll) HE
MaloTh TOYOK JAHOI MHO UTBKICTh 1HTEPBAJIIB CYMDKHHX 3
MHOXHHOIO E , K1 Maro OMiTI/ITI/I, i (0)

- al al — Qs el
1Oc .o vian | = Tgn ) ., n=1,223, ..
Gl + as

3 nuumo  JIoc BJIACTUBOCTEH TaKoi MHOXXHMHH, PO3TIISTHEMO
MATIHAPAYHI MHOKUHH 2n Ta BUOKPEMHUMO iX JIBa THUIIH.

1) Mg e, yab =B, cn 01 YA, 0, 10 — 1€  MHOXKHHA, IO €

o0’€HAaHHSAM Tapu LWIHIPIB, sKI MDK €000l OyayTh mneperuHatucs. Tomai
BinoBinuuit Muoxuni g o o, JaHudl wuniHApuuHME  BiApi3ok  Oynemo

IMO3Ha4YaTHu 4€pe3
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Hcl...CZn_zab = [mln Acl...CZn_201 , Max Acl...CZn_zlo]'
2) A¢, . ¢, pcc— 1€ WAIHJP, AKHH F€OMETPHYHO MOAIOHHH 10 Beiel MHOKUHH

E,, c € {0,1}.

Muoxuna Ac, ¢, cc Oyae 00’€qHAHHAM JBOX MHOXKHH AC1 Cym_pccjjr TIPH
j € {0,1}, Ta oxmiei MuoKUBA TI¢, o0 cean:
A, .compcc= Acl Can_zcc00 Y Hc1 Con_zccab Y Ac,. Camccity (35)
MpU 1[bOMY MHOXHHA l'[c1 Cyn_pap OYIE 00’ €HAHHIM TPHOX MHOKHMH Ag o oo T

! —
Cq1 ...Cz-n_zab -

JBOX MHOKUH Hél...CZnab IIapHOTO PaHTy: ()v

ab UUA, . c2n L1011 (3

! ! !
AC]_...CZn_zOlOO U HC]_...CZ A
MHox1Ha H —,ab M&T% UPH CyMI epBaﬂl& AI0Th B%

(ma /e OU:mln @20 1 Can—201 €1.-C2n—20

)»(\
(maX C1.--Cop o011 c.. fzn 21 a‘XA“l mlIl Af‘l

a MHOXXHMHa Acl c MaTtume Ml)KHl i u paHry 2, SKi MaroTh
BH/I:
(maXAcl .c ZCCOO' Con— 2CC01.maXA, 10,m1n A01 .Con— zccll)
Hexan x,, — L@bmc I/I‘{HI/IX lemy M, . Com_pabs Yn — L€
KIJIBKICTh MHOXHH BUIY Ap ,aZ KlJ'IBKlCTB CYMIKHUX 3 MHOXHHOIO
Eq, IHTEepBAJIIB, 10 MAKO 1BHU

3 piBHOCTe# (35) Ta 0 711 BCiX n € N crpaBeIuBi pIBHOCTI
&x +3y,,  (37)
(38)

=X, + 2y,
3 Toro, 110 MHO)&\

2n, a MHOXkMHA [1.

C1.Cym_pcc MATHME JIBA CYMDKHI IHTEPBAIK 3 PaHIOM

C1.Con_pab MATUME YOTUPH, TO
Zp = 2Xp_1 +4Vn_1, vneN. (39)
OCKIIbKY LAIIHAP APYroro panry Oyje reoMETpUMYHO MOMIOHMI MHOKHUHI Eg,

TOI[i Xg = 1,y0 = O,ZO = 0..
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3HaiiieMO  peKypeHTHI  CIIBBIJHOILIEHHSA, Kl  MOB’S3YIOTb  WIEHHU
OCIiAOBHOCTEH (X;,), (n), (z0). 3 piBHOCTEH (37), (38) MaeMo X, 41 = Vpyq + X +
Y, 11€ PIBHOCHIIBHO
Xn+1 — Xn = Yn+1 T Vn. (40)
[TeperBopuBIH piBHICTE (37), BpaxoByroun (38), oTpruMaemMo
Xnt1 = 2Xp +2yn + Y = 2x0 +2Yn tXpq +2yp g =
= 2% +Xp_1 + 200 + Yn-1)

Buxopucraemo pisaictio (40) Ta OTpI/IMaCMO

Xp41 = 2Xp +00mq + 2(x,, — XC) 4x, —
AHAJIOTIYHO 3 PIBHO Q ,(38)
Yn+1 — In"‘gyn - 21: —1+ n— 1+ 4yn 1*‘3yn 1+2yn —

_1 42 S\Qyn . 0
Hec@ iTHT +1 TaKS e Bnpaxc@ peKypE'AO

Zn+

2-7;;'1 1 n— 1) —4 Zn 1.

13 pI3HUMH HOH&TKOB@IHGH

Tenep BiJ peKypeHTH

I[CTaB OCJ'III[OBHOCTI (Up)pe=p TIEpEHIEMO
JI0 aHAJITUYHOTO. 3HAK opMyny& ro wieHa psny. Piusuaus (41) Oyne
JHIAHUM PI3HUIIEBUM DPiBHSHHS 0 TIOPANIKY, PO3B’S3KU SIKOTO CIPOOYEMO

3HAWTH cepel] TOKa3HUKOBUX «DYBKIIN Buay U, = A" . 3poOMMO MiJICTAHOBKY Ta

OTPUMAEMO ¢ m
&\Amz _ 4An+1 _I_/‘{n =0

CKOpOTHBIIH Ha A" , MATUMEMO PiBHSHHS

A2—4141=0,
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sKe OyJe XapaKTepUCTHUHUM Tt pisHuieBoro piBusHus (40). Lle piBHSIHHS Ma€ aBa
AlMcHI KopeHi Ay, =2 + /3. I3 Teopii pi3HULEBUX PIiBHAHB 3HAEMO, IO 3araJbHAM

po3B’sa3k0oM 11b0T0 piBHSAHHS (40) € dhyHKIIIA

U, = CR+V3I)"+C,2-V3)", n=012,.. (42)

. . . . uo = ZO == O,
[TimcTaBUMO B OCTAaHHIO PiBHICTH MMOYATKOBI YMOBHU W, = z. = p» OTPHMAEMO

1 — 41— 4
koedimientn Cf = —=,Cf = — —, Takoxk, miicTaBUMO y pIBHICTh (42) yMOBH

\/_’ V3

Xg = 1, . N\Yo = O, @_ _ 1
{xl —2 i {)’1 —1 Ta OTpI/IMaCMO C¥ =C¥ 0 Vel 2 =3 \/_ BiJITOBITHO

[16, .196] @

Takum 4nHOM, III QIH b BI/IFJ'DI
6 (2 - (43 \ 0@'

&
cﬁ O) @ 2 SO
%i@ &
106 py 1 i MHQKBEIFE pO3 Qp ipy i omoBHEHHS,

1
JJI ObOTO 3 0 Cy I/IH YCI DKHHX 13 BaJliB:

— \/g)n ) qn—l —

2+f 23 )
\/_ 1-2¢—+3q 1-2¢+V3q
§<X\Q_q(aﬁz@)( 2 )

(a1+a;)? |E |
2a

—-a,

a; o, OTPHMaEMo: A(Eq)

[TincraBuBmm q = "
a

OTtxe, mipa

JIOTIOBHCHHS MHOXXMHH piBHA 11 miameTpy. Takum YuUHOM, A(Eq) = 0. [To3raunmo
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uepes A, cimencTBO BIAPIBKIB A; o cc Ta I o qp , AKI MaKOTh paHr 2m,

T00TO,

An = {Acl...C2n_2CC A HCI...Czn_zab’ C_] € {071} ’j = 1’2’ ""Zn - 2}’
a uepe3 A MO3HAYUMO CIMEWCTBO MOMJIMBHX TaKUX BIAPI3KiB, TOOTO
An={B¢, cppyoc N, o, an €N, €{0,1},j =12,...2n — 2},
JIETKO MOMITHTH, IO CUCTeMa A, BKpUBAa€ MHOXKHMHY E, CKIHYEHHOIO

KUTIBKICTIO BIJIPI3KiB, MO MIXK CO0OI0 HE MEPETUHAIOTHCH. TOMYy Il OOYHMCIICHHS

posmiprocti  I'aycmopga-besukosuua  Ej WMO 11 TOKpPUTTS JIMILIE
T

BIJIPI3KaMIL, IO HaJIeXKaTh ciM@y A. Ki AKX BIAPI3KIB MHOXHHH A,
00YHUCITIOETHCS 32 POPMYII )i (44 TaHOBJmTL

(a1 Jox
Q%| “”“‘é‘) \}

T2n+2
TakuMm ynHOM Q XneE @ﬂ[ﬂl/mo
§ : om—20ab & Coan-2l =
!§g t aq o gz ?

@ Cll i Cl2
2\/_ 2ay
2 +% "(A1g")*

Cp- c2n_ c

Avq"

+7 2+\f/\/®ﬁ(2\ﬂ (A2q")" =
2+\f)" % (Aog)’ MCRALN \/g) ((Alq")”‘—T(Aﬁ ) )

= (24 V3)"¢™" (% + ;\%) 1 (2 — of8)lig" (% — ;\%) -

=B (@+V3)") + B, (2 V3)¢") =
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B, (1+£(2—\/§) ) (2+\f )

By
e Ay = (fel g, = lseate) = p(a) = 4 + 2 By = By(a) =
A Ay
2 29/3
Orxke,
o . B 2n an
H(E) < lim (B 1+ 52— Ve ) - (2+Va)) ) =
n—0o0 1

= B fim (@24 VA)r)
}IKmo(2+\/—)q <1 <—>a>10gq(2+@0, Tomi H%(E;)=0. A

Tomy H*(E,;) = 0 npu BCQ K&@Vl R
H%(E,)<B O(Eq) '&og%&+ V3). @,
OBE eplB i % 2\% TS TIHOTO @eMOHCT &Qﬂ)
H% (Eq) C>

2
KU M qu

¢ JACIAK

KOMIIAKTHOIO, TO Il CJIeHH}I 0 po3rr® CKIHUYEHHI

e-moKpuTTA {E k@ Ka u E;
Q\ , ! me
o

Jist Oyab-siko1

BiJpi3Ka i3 A, Takui, 10 O
: \' (a +az)*
min Q‘» '%Zm_gab =g s
< |%®cz(niz)ab

ITliznocumo 1o creneus ay = log, (2 — v3) i oTpEMaEeMO HaCTyNHY cHCTeMy

JUIs1 KOKHOTO Ej !
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(

((a1+a2) qm)ao _ Aao(Q o \/g)nl < |E1‘ao’

2&2

AP (2= V3)" < |Bof™,

| AP @ VB < Bl

[MTincymyBaBmm mmo K, Mmaemo

((“1”2)) Z(z V)" <2|E|“°=mfé‘°(Eq)- (46)

OcCK1JIBKH HC @ )ab Ta HA UWIHIPUYHUX BIJIPI3KIB
AC1 Colmor)C MEHIII HIK @ I/IHI/IJH —312(7?-1 1) IS =2
MHO)KI/IHaH Com OI[I/IT Il aHHA T I[p131<113& C1.Coy (b
JIBOX BiApI i KO H iTPi30K &

ﬁ cnm}@m
Olnblie, H HTBM&%K&MI/I Tb DPaHT Hane% T Ay,
Teopemy IIOBeI[eH C)
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BucnoBku 10 posaiay II

JleTanbHO BUBYEHO JICOETIBCHKY CTPYKTYpYy, TOIOJOTO-METPHUYHI  Ta
¢dpakTaibHI BIACTUBOCTI CHEKTpa PO3MOALTY BUIAIKOBOI BEIMYMHU &, 3aJlaHOI 3a
JOTIOMOTOI0 ~ 301KHOTO ~ 3HAaKOJIOJATHOTO PsiIy 3  HEJIHIKHOIO  BJIACTUBICTIO
OJTHOPIAHOCTI. Y BHMAJAKY ITUCKPETHOCTI OMMCAHO TOYKOBUU CIIEKTP PO3MOALTY, a y
BUIMAJIKY HEMEPEpPBHOCTI JOBEACHO, WIO0 BIH € CHHTYJSIPHUM PO3MOJLIOM
KaHTOPIBCBKOTO THITy 3 aHOMalbHO (pakTalibHUM CHEKTpoM. binbiie Toro,
JIOBEJIEHO, IO S-KpaTHa aBTO3TOPTKAa HEMEPEPBHQIO PO3MOALTY BHIIAIKOBOI
BEJIMYMHU § Ma€e aHOMaJIbHO (ppaKTaTbHUIA p03n URITPH OYyIb-SIKOMY HaTypaibHOMY

3HAYEHH] S.

Hocmimxeno ¢ Heca (N(16HHX,MH0>KHH SIK1
y3araJbHCHHSIM MH CIIOBHU rCOMET 'b p;my, a o6ch
iX po3MipHO {% da-bes %

y po3/itiil BHBUATUC O)KI/IHI/I HE 1>KHI/IX
3HAKOJA0JJaTHUX p;I,zu KHX Ti an N a), < T ThCS JIS
HECKIHYCHHHUX MH eKC v 0

fé‘
s‘\\’\/
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BUCHOBKHA

Posmouate me y 1914 pormi mochipkeHHS TeoMeTpii 4HCIOBUX DsaiB (a B
OCHOBHOMY BJIACTUBOCTEM MHOKMHHU HEMOBHUX CYM) CHOTOAHI CTaJO BaXKIMBHUM
HAlpsIMKOM ~ Cy4aCHUX MaTE€MaTUYHUX JOCHIPKeHb, 110 BEIyThCS SAK 1 B
MaTeMaTUYHOMY aHami3l, (pakTanbHOI TeoMeTpii, TOIMOJOTii, Teopii Mipu Ta
HMOBIPHOCTEH.

Tomy B gaHiit poOOTI HaMH OYJI0 PO3TJISHYTO OCHOBI TEOPEMH Ta O3HAUCHHS
MHOKMHHU HEMOBHHUX CyM. BHOKpeMJIeHO Ta cucTe OBaHO OCHOBHI BJIACTHBOCTI

MHOKHWH HCIIOBHHUX CYM

SITIB EHrer() cTporpajacekoro,  Jlwopora.

[IpoeMOHCTPOBaHO 3HAX enogmx CyM JESKHX OKpPEMHX

YHCIIOBUX psiB. Bctan
1

HM BOCTI NH nmc;M
HaBE TIPHKITA]] ocyBa OBHI/IX @
copii CTeI/I TGM&TI/I‘-II—@ aHaJTi31 (a&
bpakransHomy)B T1oHATTS P, CHUH Horo po xap LIHI/IX
(GYHKIH Ta 1HIIOTO MOTy YTH MH y HEIoB YHCIIOBUX
pAAIB IIHpIIE Ta& X (@KO)K 6 ):(eMOHCTp@i o0YHCIIeHHS

PO3MIPHOCTI : pda-be %Hﬂ 0KHH. 0‘

Y npyromy

YUCIIOBUX
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