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BCTYII

AKTyaJbHICTH TeMHU. Teopist rpaHuIlb YUCIOBUX TOCIIIOBHOCTEH € OAHIEIO 3
dbyHIaMeHTaIbHUX TEOPii MaTeMaTHKH, a OTepallis TPAHUYHOTO MEPEXOAY - OJTHUM 3
OCHOBHHUX i 1HCTpyMeHTiB. DopMyBaHHs 111€1 HAYKH, SIK 1 CaMOT'0 MOHSTTS TPaHUIII
YUCJIOBOI TOCIIJOBHOCTI, TounHaeThes me B VIl cT. 10 H.e., mpoTe, HITKOTO
BU3HAuUEHHS BOHO HalyBae ymmie B XIX cT. ¥V meil yac Teopis rpaHuilb YUCIOBUX

MIOCITIIOBHOCTEH CTa€ OKPEMHM PO3JIJIOM MaTeMAaTHYHOTO aHami3y, y ii po30ynoBy
HEOIlIHEeHHUH BHecok poomsate  O.JL Komic)ﬁ. Hamambep, b. bombmano,
K. Beitepiiracc Ta i1 BI/II[aTHi.

BigomMo, 1m0 OcCHOB HATTS)

@ * : )
aTUYHOI® 4@HaJIi3y, 30KpeMa, IOXigHa,
.

IHTErpajl, CyMa 4mciL A1 ‘eM 03Habc;1 3a 11 Mrom omne a@
TPaHUYHOTO TIEepe 03yMi HX TIOL, % §Hiﬂxonéeﬂeﬂﬁﬂ Qoﬁ
MMOHATTS HUIY YNEIIOBOI 1 BHOCTl‘,m\%'I/IBOCT JIs1€ echT™ s
OCIIIIKEH €BHI 3a1a4 3 @l HayKO arnpsiMiB AKIIMBUM

YUHHUKOM IPH 1X & BanHi. T Ma KB&Hi@JIﬁHOT po@ aKTyaJIbHOIO.

MeTto10 [@ﬂﬂ(eHHﬂ € 13HUX WIAKOIB /10 O3HAUYQHHS MOHATTS TPAHUIII
H 0’)KHOMY 3 HUX.

YHUCJIOBOI IT BHOCTI i
BiamosmHO 1 VI 110 @i OCJIi/IZKEeHH A :
1. BuBuutH KOBY@ y 34€ 1JDKEHHS.

2. JlocmauTtu pi3t®nxonn BOACHHST TIOHATTS TPAHUIN YHUCIOBOT

MTOCJTIIOBHO onucaT BOCTI TIPH KO’)KHOMY 3 HUX.
3. Tlokazatu eKBiBaJCHEH1 pPI3HMX O3HA4Y€Hb TPaHUIIl YUCIOBOI
MTOCJTi IOBHOCTI.

4. Tloka3zatu %XO%HHH METOJIy TPaHMIb YUCIOBUX IOCIIJOBHOCTEN

IIpU PO3B A3 HI PI3HUX KJIACiB 3a/1a4.
O0’exT H0CiIKEHHSI — TEOPis TPAHUIIb.
IIpeaMeT pocaizKeHHSA —TE€OPis TPAHUITH YHCIOBUX TOCIITOBHOCTEH.
Metoau nociigkennsi. J[J11 BUKOHAHHS MOCTaBICHUX 3aBJaHb BHKOPHUCTAHO

TEOPETUYH1 METOJIU: aHaJI13, CHHTE3, CHCTeMAaTH3allisl, K1 JI03BOJISIOTH ONPallbOBYBaTH
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HAyKOBY JIiTepaTypy, BUSBUTH Ta CHUCTEMAaTH3yBaTH HEOOXITHI HAyKOBI Teopii Ta
TIOTJISITTN, & TAKOK EMITIPUIHI METOIH.

HaykoBa HoBu3HAa oJep:xkaHux pe3yabrartiB. (Cucremaruzaiiss Ta
y3arajJbHEHHS! HayKOBUX TOJIOKEHb PI3HUX MIAXOAIB O MOOYIO0BH TEOpii rpaHMUIIb,
OKpECNieHHS KJaciB 3ajJad Ha 3acCTOCYBaHHS METOAY TpaHUIb YHCIOBUX
IMOCJI1IOBHOCTEMN.

IIpakTHYHe 3HAYEHHS O/IePKAHMX pe3yJbTaTiB. Pe3ynbTaTti poO0TH MOXKYThH
OyTH BUKOPHUCTAHI 1]l YaC BUBYEHHS TEOPETUYHOTO KYPCY MAaTEMATUYHOT'O aHAIII3Y.

Anpobaunia pe3yabratiB. OCHOBHI TOJIOfKE Ta pe3yJbTaTu AOCIIHKEHHS

OyJu TMpeacTaBieHl IS O HI Ha S@HHHX kadenpu marematuku; Ha |l

Bceykpaincbkiii Hayko eT KoH(epeHITI CTygeHTlB acIipaHTi

Ta MOJIOJIUX BUYCHU TOK 1H ATBHUX TBopq OCTeI/I 1
Ta CTYICHTIB % HaBUYaAHIH I/IHJ'IlH OI[HI/I‘-IO M Te THUYHOTO uﬁ—
[TM*mmrog-202 pym HKIB)) Hapo | ?(OBO-
METOJANYHIA KOH(pep 3BUTOK TyaJlb b1TB 10HOCTEH
Y4YHIB Ta CTyz[eH Quem a S JTUC i pHpoz[HH@aTeMaquoro
ukay — [T 2021» 17 3\3% ombepe@ﬁl.
KBM@N az[a 31 BCTY pPO3/11iB, BUCHOBKIB,
CITUCKY BUKOP CTaH r@’ y pO3/i %T TOCIIKEHO TEOPETHYHI
OCHOBU TIOOYJIOBU TEOPii rpa»@l OBHOCTEH, a came: 1CTOPUYHI
NepeyMOBU PO3BUTKY, T0JIO e@u TPaHUIlb; PO3TVITHYTO TPAHMIIO
YUCIIOBO1 HOCHiﬂOBHOC”@D ocTopi. Y Jpyromy po3airn poOoTH

PO3TISHYTO TPAKTUYHI  aclie TOCYBaHHSI TEOpili TpaHUIb YHUCIOBHUX

MOCJTIIOBHOCTEH, a caMe CYyBaHHSl ormepallli TPaHUYHOTO TMEpPexony TMpu
dbopmyroBaHH1 (bymm%ﬂ MX MATEMATUYHUX IOHSTh; 3aCTOCYBaHHS METOIY
T'PaHMIIb YUCIIOBUX MOCTIAOBHOCTEH ITPH O3B’ I3yBaHHI 3a/1a4.

VY poboti mpuitHATa ToABiitHA HyMepallis (HopMys Ta TMOJBIHA Hymeparlis
TEOpeM 1 JieM, Jie nepiiia nudpa BIAMOBIIa€ HOMEPY PO3LTY, a APYTe YUCIO — HOMEPY
dbopmyn, teopem abo JyieM B nmaHoMy po3funl. Uuciaa B KBaapaTHUX TyKKax €

MOCUJIAaHHSIM Ha JITepaTypy, CIUCOK SIKOT HaBEeIEHO HAIIPHUKIHII pOOOTH.



PO3JILI 1

TEOPETUYHI OCHOBHU INOBYJOBU TEOPII TPAHUIIb YUCJIOBUX
MOCJIIOBHOCTEN

1.1. Icropuy4Hi nepeAyMOBH BUHMKHEHHS MOHATTS IPAHUII YMCJI0BOI

MOCJIJOBHOCTI

MareMaturka € OJIHI€I0 31 CTapOJaBHIX HAYK CBITY, 3aPOJKEHHS SKOT MOYaNoCs

1I€ JI0 HAIIOi epu. 31aBanocs O, BOHA MOBHICTIO 1 3HalloMa CBITY, ajie KOXKHE

CTOJIITTS BHOCUTH 3MIHH. POBBaTGMaT YKH CYIIPOBOIKYBABCA HiI[ I[iCIO

JBOX TIOHSTH «I[I/ICerTHO «He‘njpa&) ». HINTTSI € ,Z[OCI/ITB pI3HUMH ¢
YaCTKOBO CyIlepedar 0 oMY, iy X B@M 31 BCH po@

TeOopli rpaHuLlb 4 X 1oci

UC peT%rHeo IPUPOIYNL aTHKy, BII 1I®YHHH,
3a JI0IIOMO pi3HU CHTIB (T@; € HparH 3aTH, 110
MaTeMaTHKa, siK 1 , BECb U HIOETHCSL. TSl HETIE CTi ske Oyso

PO3BUHYTE HB@OM 1 ﬂev@a pu % Hac Q@epemuanbﬂoro 171
I 0 OKp TKM MaTeMaTHKd -
MaTeMaTI/I‘—IH 0 aH I

GasyeTbcs Ha ToCioBAoCTI 1@..

CHMBOJIIYHOIO JIOTIKOIO. €z[ ayka, ;Hca y c001 HemepepBHE 1 JUCKPETHE -

ORO TIIOHATTS, AWCKPCTHE,

g anredporo, TEOPIEI YKCe 1

reometpis. [2, €.23]

Posraspatoun  popmMyBanu TSI TPaHMIIl YUCJIOBOI TMOCTIJOBHOCTI, MU
MOKEMO BUIUIMTH OEKUIbKA BHUX €TalliB, SIKI CHOPUSIM BUHUKHEHHIO TeOpii
TpaHUIll YUCIOBOT TIOC plOBHOCE SIK OKPEMOT0 PO3/ILJTy MaTEMaTUYHOTO aHATI3y.

[lepmmii eran C:&1GHHH BigHOCATH e 10 VIl ct. 1o H.e. ¥ 1eil uac camoro
MOHSATTS «TPAHUIID» HE ICHY€E, B OCHOBI1 JIOCIIKEHb JIEKUTh YMCIICHHSI HECKIHYEHHO
MajuxX BeIMYMH. BOHO pPO3MOYMHAETHCS BiJ IHTYITHBHOTO YSBJICHHS TPEKIB PO
HEIMEPEPBHICTh, MATEMATUYHY HECKIHYEHHICTh 1 FPAHMINIO, @ TAKOX 13 TPYIHOUIIB, 3

SKUMHU 31TKHYJIMCA BUEHI NIPU CIpoOax BU3HAYUTH 111 HOHATTSL. [6, ¢.234]



Yacu Ilidaropa cTaroTh TPOAOBKEHHSIM MEPIIOTO €Ty CTAHOBICHHS MOHATTS
rpaHuii. Y Il yac ydeHl OCHOBHY yBary HpUIUISIOTH AOCHIKEHHSM y cdepi
pallioHAIBHUX YHCeN, came Mmidaropiiill BIAKPUBAIOTH iX Yy BHUIVISAI HECYMIPHHUX
BiZIpi3KiB mpsamoi JiHii. [TpumyckaioTs, mo 1e BiAKpuTTs Oyino 3pobiieHe y 3B 3Ky 3
JOCTIDKEHHSIM CEePeIHhOTO TreoMeTpuuHoro (a : b = b :¢), BETUYHHOIO, sKa
1ikaBuiIa midaropiiiiip 1 0yiaa cumBojoM apuctokparii. [locraBano nmutanns: «Homy
JOPIBHIOE CEPEIHE TEOMETpUYHE ONWHMIN ¥ ABiiiku?». Came MOIIyK BiJIIMOBIiII Ha

HbOT'O TPHUBOJUTH JO BHUBYCHHS 3a7adl IIpo Bi%emm CTOPOHHM ¥ JlaroHaii

KBajgpaTa. BueHi BUABISAIOTH, TaKe BiI[HOHIC@ y€, MMPOTE BOHO BUPAXKAETHCS
JESIKOTO 1HIIIOK0 BEJIMUHHOIO arioH @ ‘-II/ICJIQM sIK€ Ha TOM 4ac 11e He O0yio
BiIKpHTE. [25, c.58] ,

Jlns paHHIX

K1 JIBa BIIP1 K% )
BIJIPI30K, $KHUIY) BUMIPIOE

BUMIPIOBaHHS 1 BUCH

IPsIMI JIAHITFOKKH &
ITpote c@l(barop

SBUIIIE, SIKE qpm,'ii ? E€HHIO n
BIIPI3KIB. A Came,

QMI/IM UM TB )K Hi, IO @
QHIO SaB@KHaI/IHeTBCH T

PIKYB r[ KTI/IKa

BIZIPI3 Th CO00I0
‘

noOy/10BaHOi Ha I_IBOMy B1/Ipi3 aapar, HS CHIJIBHOT MIpU CYHEPEUYHUTh
CTBOPEHII HUMH Teopii oAl Ti. [1
Koxne yucno ans opiiu JTUCKPETHUM HAOOpPOM OJIMHUIIb, alie

crpo0a OTOTOKHUTHU I YHC €pEepBHUMH BEJIMYMHAMU, IHTEPIPETYBATH

HEIEepEepBHE B TepMiHax TUGKPeTHOTO, HI 0 YOTO HE TMpHUBeia 1 MIBUIKO 3a3Haia

Kpaxy. Po3B’si3aHHIO &B JIEMU, CHPUSIIO BIIKPUTTS 1ppalliOHATBHUX YHCE]L.
po

Posrnsnatoun 3anauy ITHOIIEHHSI CTOPOHM ¥ JiaroHani KBajpara, BUEHI He
3HAXOAATh CHUTHPHOI OJMHHMIN iX BUMIPY, 1 HA3WBAIOTh Il BIAPI3KU - HECYMIPHUMHU.
B3aemMHa BIAMOBIIHICT MiIX BEJIUYUHOIO 1 YHUCIOM, BHUABIIETHCA MOPYIICHOIO.
[TocraBamo muTaHHA: «SKIIO KOXKHOMY YHMCIY BIJIIMOBIAA€ JesAKa JOBXKHHA, TO SKI

Yyuciia MOTPiOHO CHIBCTABUTH HECYMIPHUM BelMuuHaM?». [6, ¢.235]



Hacniznku, 1110 BUIIJIMBAIOTH 3 LI€1 3a/1a4l, CTOCYIOThCS MOHATh HECKIHUEHHOTO,
TpaHUIll ¥ HEMepepBHOCTI — TMOHATh, SKI CKIAJAIOTh CTPHXKEHb Cy4YacHOTO
MaTeMaTUYHOTO aHajizy. [2, ¢.31]

VY cBOiX po3aymax Tpekd Hamaraiaucs OOIWTH MOHSATTS HECKIHUEHHOTO, IO
HiATBEP/HKYIOTH apaokcu 3eHoHa Eneiicbkoro. [6, ¢.235]

bemn E.-T. y cBoiii kHu31 «TBopui matemMatuku. IlomepeaHuku cydacHOi
MaTeMaTUKW» TOBOPUTh, 10 3€HOH CYNEpEYHB «HECKIHYCHHOMY MOILTY
JBOBUMIPHOTO BiJpi3ka». IliATBep/KEHHAM LIbO napajgokcu «/luxotomis» #
«Axuuiec 1 yepenaxay». Bonu HOKa3y10TI> o 3 @ICPCT‘IHB 1 IPOTH 3BOPOTHOTO
HNPUIYLIEHHS, a caMe, 110 Bl (@HHO gomJILHI/IM» aJie CKJIa/Iae€ThCs

3 JUCKPETHOI MHOXKH

Jlonaroun 1ie OB

a 3aHy aTH ‘-IKCJ'IaMI/I 1,2, 3
« » 1 «C ), « €MO z@

CB HOB )KJ'II/IBO

B’ sI3aHl \H}{TT;{M

MOHATTSIM YUCJICHH HYEHHO X Bel
napajokcax, cnp p 3e nyCKae pOCTip 1 yac

HECKIHYEHHO HI, a Y, UX — BHIMH. [Ipu 00ox
anHymeH% r% ynepe MIPUIH EE% TOM Yac ysBJICHHS IPO

«HE3JIaMHY CT1

Bci BaBefeni

pyX. Y cBOiX J0Ka3a (Q 110 00u €HHsI HeBIpHI. [6, ¢.238]
Otxe, Ha I_ILOMy eTarni HE % 6yJ'II/I BIiepuie copMyIibOBaHi

TPYIHOIII, SKi TPUBOJISTH TI) He 0fT1 i1 HECKIHUEHHOCTI. [2, c.34]

3 BIIKPUTTAM pHI/IX I/IH, PO3MOYMHAETHCS  JAPYTHM  eTam
CTAQHOBJICHHS TIOHATTS TPAHMII] 01 MOCiIOBHOCTI. Po3BUBaeThcs Teopis
npomnopiiiit EBgokca, }IKa €cC BBECTH JIO PO3TIISIYy HECYMIpHI BenmnunHu. BoHa

JICKUTHh B OCHOBI MeTox‘ yBaHHS, SIKHW JTO3BOJIMB PO3B’SA3yBAaTH 3aj]1adyi, 10 B
HaJaJIl CTaHyTh IPEIMETOMPYMCIICHHS] HECKIHUEHHO MAJIUX BEJTMYHH.

3HavHy pOJIh B METO/I1 BUUEPITYBaHHS BiJIIrpac akcioma ApximMenaa: Ko 3a1aHi
JIB1 HEP1BHI BEJIMYMHU Ta BiJ OLIBIIOL BITHIMAETHCS YacTUHA (O1IbIlIa MOJIOBUHA), & 13
3QJIMIIKY — 3HOBY YacTHHA (O1IbIIIa TTOJIOBUHA), 1 11€ TOBTOPIOETHCS MOCTIMHO, TO KOJIH-

HeOy/Ib 3aJIUIIUTHCS BEJTUYMHA, siKa Oy/1e MEHIIIO0, HIXK MEHIIA 13 3aJ]JaHUX BEJIMYHUH.



Meton BUUepITyBaHHS PO3BHBAJIH JICKIJIbKAa BUCHHX, aJie KOXKEH 3 HUX MaB CBiii
migxix. [OoBHOIO i7€€r0 METOMy € TOpIBHSAHHA IUiom (iryp: HampuKIaj,
napaboJIiYHOrO0 CEeTMEHTa 3 BIJIOMOIO IUIONICI0 OyIb-skoi ¢irypu (kBagpata abo
TpUKyTHUKA).[6, ¢.240] Tak, mis oOYHCIEHHS IJIONII BIMCAHOTO B MapalOoSiyHUMA
CEerMEHT MHOTOKYTHHKa, ApXiMeJ CyMyBaB IUIOIIl BIHMCAHUX TPHUKYTHHKIB, TOOTO
o0YHCIIIOBaB CyMy 7N TMEpIIMX WIEHIB TEOMETPUYHOI Mporpecii, YHUKAIOUu

00YHCIIeHHSI CyMH HECKIHYEHHOI rporpecii.[6, ¢.241] [Ipu KOHKpeTHOMY 3aCTOCYBaHHI1

MeToy, ApXiMe[l He 3BepTaBCs JI0 MOHATTS MHOTOK K 3 HECKIHYCHHOIO KIJTbKICTIO
cTopiH. BueHuil 3011blIyBaB KUIBKICTH CTOPIH{ M KyTHUKA J10 TUX TIip, MOKH
BEITMYMHA 3QTAIIKY HE CTaB BI'OJTH 1@0 aJI¢, 3aJINIIOK 3aBIK/IH 3a/THIIIABCS.

Takum YHNHOM, 06‘{I/ICJIC XK

enid e BI/I‘IG U myKaHy monty. [Tpot
UM 1 BIPI3HSIIUC XVII 15191 a
Hactyn eTIM € M CTaHOB % HOH;IT()paHHm ‘{I/ICQ

IIOCITOBHOCTI, ©J1 METO, N 1Mena, axkae iC pI/I‘{HO
MEPIIUM MGTOJIOM . 3acToc A CBIA BUUEC , BUCHUH
3HAXOJIUTH Hnoml YHI, K b CTporl r YH1 IIePEXO0/IH.
Takox neit '@Kmoqae s 1ICH 1 €IUH KaHI/IX BenmuuH. B

OCHOBY MET M Ale.OKJIaB %TBepz{meHHﬂ SIKIIO IBA
yucaa S 1 ¢ yBech 4 BOMa né% ctamu S, 1.5, (ToOTO MI7I1s1
1Sy =c= S,,), O/lHA 3 SAKUX

TBhCA
OMy SHHUIA MK HUMH CBHYCPITYETHCA»

OyIb-SIKOTO HaTYpaJIbHOTO N

3pocTae, a iHIIa - CHaj

1

(TO0TO Spyq — Sps1 < 5 ( BITB HEeoOMeKeHO crnagae (psMye 10 HyJIs

npu n — ), To0 S = ¢ 11X crWibge SHaYEHHS € TPAHULEIO K Sy, TaK 1.5, Mpu n — 0o,

[17,¢.172] \
Meton Apximena * ButbHO 3actocoByBaiu C.CteBiHn 1 JI. Banepio.
®namanncbkuit iHxeHep C. CTEBiH po3TisaB HECKIHUCHH] PSAIU M BBaXKaB, IO P
MO>KJIMBO IPOJOBKYBATH JIO TUX Iip, MOKHU PI3HUIISI MK KPUBOIIHINHOIO BIrypoto, 1 ii
MPSMOJTIHIMHIM HAOJIMKEHHSM HE CTaHe SIK 3aBroJHO Maior. [Ipu takomy mimxoi

METOJI BUYEPITyBaHHS CTaBaB OUIbI 3pydyHUM.[6, ¢.248] YIOCKOHANIEHHSM IIHOTO



METOy, 3aiiMaBcsi puMcbkuil mpodecop Jlyka Banepio, skuii pa3 1 HazaBXKIH
BCTAHOBIIIOE, IO P13HUILIS MIXK IUTOIAMU (DIrypu, BIIMCAHOI B CETMEHT OIMYKJIOT IJI0CKOT
KPUBOI, ¥ ONTMCAaHUX HABKOJIO HET CX1T4acTUX (PIryp, K1 CKIAIa0THCS 3 PIBHO BUCOKUX
napanenorpamib, Moxke OyTH MeHIIIe Oy/1b-SKO1 JaHOT IO, SIKIIO B3ATH JOCUTH MaITy
ix BucoTy. [HIe 3aranbHe TBEPIKEHHS, SIKE BBIB YUCHMI, Y Cy4acHI TepMIHOJIOTI]
MO>KHa C(HOPMYJITIOBATH TaK: SKILO WICHH JBOX MOHOTOHHHX 301’KHUX MOCI1JOBHOCTEH
3HaXOJATHCS B MOCTITHOMY BIJTHOIIIEHHI, TO B IbOMY 3K BIIHOIIIEHHI 3HAXOAATHCS 1 1X
rpanuiil. [Ipote, Hi IBHOrO BU3HAYCHHS IMOHSTTS IPAHULI, HI 0OCOOJIUBOTO TEPMIHY JJIS
HBOTO Ha TOW Yac He icHyBajo. llinouBaroun mi cw

@31H 06M6>Ky€TBC$I Jume JeSKUMU
BIJJOMOCTSIMU ITPO MOHO cIi & aTaK0>Ka KCI/IMaIIwIO r€OMETPUYHHI

Il cr.
rpa 07KEMO @‘-II/ITI/I y 1&

TPETHOTO MEPIOAY PO3BUTKY

TEOpii rpaHUIb, MOKEMO

ITonans
U. Kenepa, b b€ oppiue , poO s x MU
BIJIHOCUMO /0 YE€TBE ary po3 eopi'l' . Hora P Y CBOIX
JTOCITIJIKEHHSIX H ICTIQ, BIJK acUyYHI K1 PO amu CTeBiH 1
. . . @
Banepio. Bi I/IBaB eClIHUCHHY MHOXUHY

KOPHUCTYBaBCS MOBOIO

IIOHATTA HCCKIHYCHHO

HECKIHYEHH X en% OnHi€l
HEMOIIJIbHUX. % ‘ i
Ka 3 HECKIHYEHHOIO KIJIBbKICTIO

MaJioi HJ'IOHII Ta J'I1H11 KOJa 1 Inp

cTopiH. BiH HE BUKOPUCTQBYBABIKOIH b, IPOTE 3pOOUB JTOCUTH BaroMuit
BHECOK y p030yI0BY MaT HOT N6, ¢.248]

[Tomampmii  AOCTIHKCHHS My HampsMKy TpoBOAWMB boHaBeHTypa
Kaganbepi. Moro MeTox Hemogi BUCBITJICHUH Y TIpalli i1 Ha3Boto: «I'eomerpis,

BUKJIAJIEHA HOBUM CIIO x OTIOMOTOI0 HETOJIUTLHUX 1 HerepepBHOTo». OTHUM 3
I[IKaBUX €JIEMEHTIB, SIKUI® MOXHa IOMITUTH B pPOOOTI BUYEHOr0, € O3HAYCHHS
HenoAIIbHUX: «HenomiabH1 — 11e HECKIHUYEHHO MaJll eJIEMEHTH, SIK1 CKJIa[al0Th IJIOIIII
i 00’ emu». IIpu TakoMy miaxo/l miocka ¢Girypa po3risigacThesl IK MHOKHUHA JIHIN;

IIPOCTOPOBE TiJI0 — SIK TiJ10, IO CKIATAETHCA 3 IESKOI KITBKOCTI IMapajieIbHUX IUIOITHH.
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Busnauaroum BigHomeHHs ol ¢iryp, KaBamsepi po3risaaB ix sik HEMOIIbHI, 110
3HAXO/STHCS B TMTOCTITHOMY BiTHOIICHHI. [6, ¢.249]

EBanmxkenicta Topideim i BJOCKOHAIWB METOJ HEMOJUIbHMX. BiH po3risman
MATIHAPUYHI HEMOAUTBHI, B TOK Yac sk KaBayibepi mpairoBaB TUTBKH 3 TIIIOCKUMU.

Hezanexno Bin Kaampepi meron HemomimsHUX po3poouB Xumw Ilepcon ne
PoGepBanb, ajne Ha BIAMIHHY BiJ CBOTO IIONEpPEIHHKA, BIH HE BHKOPHUCTOBYBAaB
reoMeTpuuHui miaxia. B ocHoBy nocnimkens PobepBans Oyino MOKIageHO pO3TyMH
Cresina 1 Banepio, siki po3risgand HeckiHYeHH1 psigu. PoOepBanb, Ha mpoTuBary

KaBanbepi, skuii CTBepI[)KYBaB o rioma ckia, bCA 3 <«JIHIM», BUXOIUB 13

MPUIYILIEHHS, 110 BOHA CKJI 13 10

XK.I1. PoGepBanb CTO OJILIbH anﬂageHHﬂ TUTOII,
MICTUJIACs B Cepell LAKJIO], a TOW 4a I CT) HaﬁMoz(
KpHBa, sKa % FCOM@B 061/13 MGTOI[I/I 0 CTaJIa OCH
YUCJICHHs HeCKIfueHHO MaJiig.

AHaJor1yHi i1 parl « pI/I‘IH ” HKa 0 z[pyKy y
1647 p., pO3BI/IBaB Qﬂ I/I 13 Ce a. Peryn aCTOCOBYIOUU
METOJ] BHYE n Hsl, 131 oMy & 01 cTp JIJI}I MOAAJIBIIOTO
BUKOPHUCTA PYKT z[y BYE OKa3aB Jaj1 BIMCYBAHHS B JIBa

CI[IB Hl , 10 iX KIJIBKICTh MOXE

TiJ1a MHOKUHHU JyKe
30UJIBIIIYBATHUCS TaK, 1100 BOH Tma Taka cTpykTypa Jictaia
Ha3BY «METOJI BUYEPITYB §® ,c.1

NmogipHo, 1110 ca ropiu Bepcana Bnepie BUCIOBUB IYMKY, 110
HECKIHUYEHHUM psii BU3ZHAYAE Jiesl HHY, «TEPMIHYC», SIKY LIeH psiJ HE AOCSITHE,
HaBITh SKIIO HOTO HpOI[OB CKiHUEHHO, ITPOTE HAOIU3UTHCS 710 HEl TaK OJIN3BKO,
110 pi3HULS Oyjie MEH JIb-SIKWI Harepea 3aaHuii iHTepBai. [6, ¢.253]

[TizcymoByrouM I1eii eTarl, CKakemo, 1110 He BUnagkoBo Ha moyatky XVII cr.
3’SIBUJIOCS TaK OaraTo JOCHIKeHb, MPUCBIYCHUX HECKIHYCHHO MAJIMM BEIMYHHAM,
apke METOIW 3 BHUKOPUCTAaHHSAM HECKIHUYEHHO MaJuX CTBOPIOBAIIUCS IS
pO3B’S3yBaHHS HAraJlbHUX 3a/ad Ili€i enoxu. ['pemnpkuil MeTo] BUYEPIyBaHHS

MepeBEpIyBaB IHTETPAIbHE YUCICHHS 1 I03BOJISIB 3HAXOUTH KBaAPaTypH, 00’ €MU Tl
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1 IEHTPHU TSOKIHHA. Y 1l Mepioj] B METO/II KBaJpaTyp IIUPOKO BUKOPUCTOBYBAIUCS
AaHTUYHI METOJM, SKi OyJau 3BUIBHEHI BiJ TOJBIHHOTO JOBEICHHS METOIOM BiJ
CYNPOTUBHOTO. Y TOM Yac JJaBHI 'PeKU HAOJIMKaIU KPUBOIHINHI (Irypu TOBUIBHUMHU
MHOTOKYTHHUKaMHU, JACsIKi TeOMETPH TI0YaIi CUCTEMATUIHO KOPUCTYBATHCS BITUCAHUMU
MHOTOKYTHUKaMHU. [6, ¢.254]

Po3BuTOK HayKku MOTpeOyBaB HOBHUX JOCIIKEHb Y HAITPSIMi HECKIHYCHHO MaJIIX
BEJIMYMH, TOMY CaMe BOHU (POPMYIOThH IT’ATUI MEpioJl pO3BUTKY Teopii rpanuiib. Llei
nepio] mpumnaaae Ha poOOTH BiIOMUX CBITY (ppaHIy3pKUX MaTeMaTukiB [1’epa depma
1 bresa ITackans, siki 3poOWIIM JOCUTH BarOMU &

bmmxue 10 cepen I c@wamlgn Iociarajgd Bce OUIBIIOL
.

MaMCTEpPHOCTI B HOBO 3 TSMU, 110 n%‘m B OCHOBI YHCIICHH
HECKIHYEHHO Man 1 np Kl BO BaJIl NKOH&UHO
cTaBajy Bce O1 I/IMI/I Ta %0611 %I/IBOHIHI@ TLJTOIIT noc@
cmanascn@ KBAJIpat MICT eneMeHT @

po30yI0BY TE€OPIii IPaHUIIb.

IHTerpasia K TPaHMII I/IB‘ICHH :

MUTTEBY H_IBI/II[KIC Q 3 e HOCTI ro NUIIXYMBLE Yacy, 1 MOIIyK
JTOTHYHUX ]I I/IX MIC po;[Ky CHGHHH@OCTIB 1 TIOXiJTHUX.
Buokpemuiie O)K no3@no po3B’ 3a/1aui Ha MaKCUMYM 1
MIHIMYMI, T/ THI[ 1 CITPSAMA HS KpH 263]

Y uen HGplOJI CTPIMKE

og:[ notnydux [ . lamnes -
K. PobepBaiiss, meTon HOQ r@i 1 H%Ti . Jlexapta, MeTOJ EKCTpEeMyMIB 1

notuunux I1. @epma. 3B DK H@ MM METOJaMHU M 3ajlayaMH JOBTHH 4Yac
OyB HE TOMITHUM.

Oxkpemum, IHOCTI/IM 1 PO3BUTKY TEOpii TpaHUIlb BAPTO BHUAUIATH YacC
s

Jlxona Bammica, skuid JOCTIPKEHHSIM HECKIHYeHHUX psiiB. BaxinBoro
npamer  aHrIiichKoro eHoro Jlxona Bammica € kaura «Apudpmeruka
HECKIHUCHHHUX», KA CTOsUIa TMOPYY 3 HaWOIIBII BiIOMOIO KHUTOI I[HOTO IEPIOay
«I'eometpiero HenoaubHUX» KaBanbepi. PoboTta Banmica Biacrynana Bij reomerpii
IpeBHIX 1 Oyma copsiMoBaHa B «HOBY apudmeTruky». BueHuid crtaB mneprmm

MaTeMaTUKOM, Yy SKOro anrebOpa MidCHO mepeWnuia B aHamiz. Meroau, sKi
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3actocoByBaB Jk. Bamiic 10 HECKIHUEHHHX IPOIECIB, JOCHTHh YacTO BHSIBIISIIHCS
IPUMITUBHUMHU, TIPOTE BiH OTPUMYBaB HOBI IlikaBi pe3ynbTaT. [x. Bamic Bomosis
3HAHHSMH TPO HECKIHYEHHI PSAJU Ta HECKIHUCHHE MHOXKEHHS, BIH JOCHTH CMIJIUBO
KOPUCTYBaBCS YSBHMMH BHpa3aMH Ta BHUpa3aMH 3 BT €MHUMH W JpOOOBUMH
MmokasHukaMmu. [25, c.138]

Chomuii mepioJi PO3BUTKY TEOpli TpaHUIlb CYHPOBOKYETHCS YITKUM
PO3YMIHHAM 3B’SI3Ky MK 3aJaueio Mpo KBaApaTypH 1 3amadero mpo gotuydi. Llew

3B’S130K MEPIIUM ITIOMIYa€ aHTIenb Jxenme Fperop',%ﬁ, Tak camo sk 1 J[>x. Bamic,

y CBOIX JOCII/DKCHHSX 3aCTOCOBYE CYTO €0 HI METOOM. 3a dYac CBOIX
nociimkens k. 'peropi o ’SI30K @aq y C‘BO'I'I\/’I kHU31 «['eomeTpisny.
* )
&)o JOTHYHYAE 3BOPOTHOIO 10 3a/1a4i I1p

I[lepiuM, XTO yCBi ) 0 34
KBaJpaTypu i H&BH§Q Icaak b . @epma i y 3030i@5}<o TT1 TP
JI0 BIAKPUTTS 3% METOI1BN8aB KI/I’HKI/I JICHHSA HG‘@GHHO M&HH)Q%)
CaMOCTIHQIO BitKO¥ MaTe . @ep MIOI[iB aHaji MU MEEORAME B TOM
yac, ik bappoy BHK YBaB I¢€ YHI1 %‘lncne e/IBICHUKU
TpaHuIll, SKi BHK&I/I XV 03BOJI ‘QOHHT{HTH @Hy KUIBKICTD
pe3ynbTaTiB H@HOBHGH@%H@@&HOFO i @eﬁnﬂom YUCJICHHS.

[6, c.264] O Q
TQeopi'l' (@ KU CcTae TMOYaTKOM

y
ﬁ Icaak Hrproton 1 ToTdpin

OKpeMO OJWH BiJ OJHOIO) 3py4Hi

Bocsmu nep1 03

cucTeMaTH3amli HaKOIMYCHUX @ b,% Bl
Binerenem Jlewonim. 11 B BUHAN
aJIrOPUTMHU TA BUSBUIH 3 MIXK SaiatamMu TU(PEPEeHIIIaTbHOTO W IHTETPAIbHOTO
YUCJICHHS. 3aBISIKM iXHIM mpa %3 HECKIHYCHHO MaJliX TIEPETBOPUBCS Ha
CaMOCTIMHUH PO3a1T MaTeMa 3QJICKHHM BiJl TeOMETpii. [6, ¢.265]

.
Heroton HaHHca% pH Tpalll Ipo YHUCIEHHsI HECKIHYEHHO Manux. Moro
KO

JOCITIJIKEHHS PO IIBU] 1, IPUCKOPEHHS, JOTUYHI Ta KPUBU3HY, HABEJEH1 B POOOTI
«MaTtemaTHuHI Havaja HaTypajdbHOi (putocodii», cayryBaiv NOTY>KHUM MOIITOBXOM
10 IOCJIKEHD B 00J1aCT1 YUCIIEHHS HECKIHUEHHO MaJINX.

Y mpamsx HplooToHa MoOXHA 3HAaWTH TPHU PI3HUX KOHIIEMIT YHCIICHHS

HECKIHYEHHO MajuX: iH(piHITe3uMalbHa KOHIIENIIis, MeTo A (JIFOKCIH, METO/ MEePIInX 1
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OCTaHHIX BiJiHOIIEHb. [lepia koHuemis, ckianacs i BiimBoM bappoy 1 Bammica. ¥V
Hii HpOTOH omepyBaB HECKIHUEHHO MaJMMU BEJIMYMHAMH, SIKI BiH Ha3WBaB
MOMEHTaMH, 1 sIKIi OyJau HECKiHYeHHO Manmumu mnpupoctamu y Depma. Otxe,
BUKOPHCTOBYIOYM MOMEHTH ILIOI, BiH MOOYIyBaB CBiif METO I KBaApatyp. [6, c.266]

3romoM HbIOTOH BIIMOBHUBCS BiJ HECKIHUEHHO MaJHMX BEJIMYUH 1 B POOOTI
«Metoa (iroKcii 1 HECKIHYEHH1 PsIIMy BBIB CBIM HAWOLIBII BIJOMUN METOM: Oepydun
3a MPUKIIAJ TEOPETUUHY MEXaHIKy, BIH pO3IJIAae yac sIK yHIBepCajbHYy 3MIHHY JJIs
BCiX (DYHKITIOHATIBHUX BiAnmoBiqHOCTeH. CaM yac HOro HE IIKaBUB, BIH PO3IJISIaB HOTO
TITBKH K pIBHOMIpHUH pyX. HbroToH chopMyni@BdB OCHOBHI 3ajadl YHCIICHHS

HECKIHYCHHO MaJINX BEIUY

aHUM B] eHHsng MK (DIIOCHTAMHU BU3HAUNUTH

HaB . 16, c.268] \ ,
PO KB % KPUB TOH c;I «ycy @
CIIi» HeCKiHY ux, c@ 03FJI$I , JIAILIE 1 OIHCHHH aé
pO3po0UB @eT METO oJ1 TIE 1 ocTaHH]X BigHONICHD C.
V HBIOTOHIBCH rpaanH Home®6pa3 Bappoy,
poTe, HOro HOB ‘Q yBaHHH H YEHHUX DPAIIB

My,
CTaJO SK 3a MeTo 1 TGX& HpI/II/I 0 1HTCI‘pyBaHH$I Bin

pO3KJIaJiaB B HE HH1 ps IHTErpyB OWICHHO, MOIINPUBIIH

BIJIHOIICHHS MiXk (IO

VY npam «Po

3aKOHHICTH ITOYJICHHOT, g HeCKlH , XO04a 10BOIMB i1 TUIBKH

JUISL KIHIIEBUX CyM. [6, C.271]

JleliOHIII B OCHO @ ro q& OKJIaB TIOHATTSA JaudepeHIiana,

byHIaMEHTAIBHOIO OTIEP oOuucieHHs pi3HUIL. BiH yaBisB coOi

TJI0II ¥ 00’ €MHM SIK CyMy HECKIH JINX €JIEMEHTIB, aJie O0YUCITIOBAB 3HAYEHHS

X CyM 4epe3 Ooreparliio epenmiroBands. Ha mnpotuBary HeloToHy, sKuii
*

pO3TIIsiIaB HEBU3HAYE aJI, OOYHCIIIOBAaB IUIONI M 00’€MH, BHXOAAYH 31

IIBUJIKOCTI 1X 3MiHM, JICHOMII] BBIB BU3HAUCHUM 1HTErpa. [6, c.274]

Buennii BUCIIOBUB TyMKY TIPO T€, 1110 HECKIHUEHHO MaJll BEJIMUUHU € MEHIITUMU
OyIbp-SKOi 3aaHOi BEIMYMHU Ta, MO0 B CHJIY SKOTOCh HE3PO3YMIJIOr0 MPHHIIHITY
HETIepEePBHOCTI BOHU 30€pIral0Th XapaKTep BITHOIICHHS MK KIHIICBUMH BEJIMUMHAMM,

3 AKUX MoxoasTh. Sk 1 HptoToH, JIeliOHil HamMaraBcs He po3rJisiAaTH HECKIHUEHHO MaJll



14

€JIeMEHTH, a TUIbKM OpaTh iX BiJHOIIEHHsS. By3bka KOHIIEMIlS YHCIIA, sSKa HE
JOTyCKaJla OTOTOKHEHHS ISIKUX BITHOIIEHB 3 YHcliaMu, Oyiia MPUIHHOIO TOTO, 1110 Hi
B HBIOTOHIBCBKiIM, HI B JICHOHIIIOBIM TeOpisAX HE 3 ’SIBUJIOCS TOHSITTS TPaHMIIIL.
Busnauenns nudepeniianiB yepe3 rpaHuill HECKIHYCHHHMX IOCIHITOBHOCTEH YHUCEIN
3’ SIBIJIOCS JIMIIIE TTICIIS TOTO, SIK OyJiv OOy I0BaH1 A1MCHI YHCIIa.

[TincymoByrO4M BOCBMHUM Tepioj; 6aunmo, 1o audepeHIiiaapae i iHTerpaibHe
YHCIIEHHS BCE IIe He Mae MirHoro gyHaamenTty. Taki ¢pyHIaMeHTalbHI MOHATTS SIK
IpaHuUllsl, TOXIHA W 1HTErpa, 3aJIUIIA0ThCs] HEBU3 HUMU. O3HAYUTH 111 TOHSATTS

Hamaraiucs Bci mareMatuku XVIII CT aje 1l cn@ 71 MapHUMU. [6, ¢.275]

[IpencraBHUKOM [I€B’ eplo TKy Teopu rpanuup € Kan Jlepon
Hanam6ep, axuii OCTaTO OB OMlcTI/I‘lH 171eit IC}WBaHHH CTaTUYHH
HECKIHYEHHO MaJl uH. Y C &ocmnm pez(MeT 1 eHI_IlaJIB
YUCJIEHHS BM@&B *016 hi§ eHI_IlIOBaH CJ’II/I‘-II/IHI/I
3HaXO/PKCHHSI HECKIHUCHHO pi3HU HGBOI 3M] JII/ILII/I aM6ep
HamaraBci o yHTXQ (pepeH a Jo METOY
rpanunp. Tak BiH 0JI0M IIep 1 OCTaHHBOTO

BIJTHOIIIEHD

MET

1 «['pan %M&&ye mo % IpaHMILIb CKIIAJIa€

OCHOBY cnp%\m Me i1 mudgpehitianbHO HHS», 1 HAMaraBcs JaTH

3aJI0BUIbHE Y nw«& a@ OJlHa B % aHUIICIO 1HILOI, SKILO

Jpyra BEJIMYMHA MOXKE H&6HH>@ BFO)IHO onusbko. [IpoTe oMy
ro 1

HE BJajocid MOOyIyBaTH BUEHHSI TIpo Tpanuii. OTxe, MH

0aynMo, IO Ha TOH Yac KOHKPETHO ;{ PO TPAHMUIIl TTOKH 1[0 HEMAE, MPOTE
BYEHI Bce OJIKYE NIAXOAITh IO W3HAYEHHS MOHSTTS Tpanuili. [6, ¢.279]
['muboxa mepedyaoBa aTEeMaTUYHOTO aHAJI3y PO3MoYayiacs B MEPIIOMY

necatuaitri XIX ct. 3 %& fbonbano, O. Komi Tta neskux 1HIIMX MaTEMaTHKIB
(K. T'aycca, H.X. AGens oTpuMaja BIJIHOCHE 3aBeplIEHHs B poloTax
K. Beitepmtpacca y 60 — 70-ux pp. XIX ct. [17, ¢.168] Came 11e#i yac Mu BUILITUMO,
K OCTaHHIM JecATHM Tepioj CTAHOBJICHHS TMOHATTS TpaHuIl. Y Ied mepiof
HaWOUTBHIIINI BHECOK Y PO3BUTOK IMOHSTTS TPAHMIIS YHCIOBOI MOCIIIOBHOCTI 3p0OUB

O. Komri. Bin mokiaB B OCHOBY MareéMaTHUYHOI'O aHaIi3y MOHSTTS TPaHUIl 3MIHHOT
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BenuuuHM. Y mpaipix Kot coctepiraersbest BigaMoBa Bijl cripo® HagaTH TPaHUIHOMY
Nepexo/ly — OCHOBHIH omeparlii MaTeMaTHYHOTO aHalli3y — KOHCTPYKTUBHE O3HAUCHHS
Ha KOPUCTh 3HAXO/KEHHS YMOB, HEOOX1THMX 200 AJOCTATHIX IS TOTO, 1100 J1aHa cTaja
BeJIMUYKHA OyJa rpaHUIeIo JaHOi 3MIHHO1 BeTMuuHU. [Ipu TakoMy miaxo/1i mpUpOIHIM
CTa€ MUTAHHS MpPO ICHYBAaHHSA 1 €IMHICTH rpaHumi. HeoOximHi ¥ mOCTaTHI yMOBHU
1ICHYBaHHs TpaHuIll BctaHoBJeH1 camuM Ko B 1821 p., ane me panime (y 1817 p.)
b. bonwsiano. Came B pobotax bepHapna bonbiiano 3’SBISIETHCS Tepia 3po3yMina
KOHIIETIIiSl OCHOBHUX MOHSTH YUCIICHHS HECKIHYCHHO MX BEJTMYHH.

[ToHSATTS HECKIHYEHHO MaJIOT BETUYNHH, }@%OCTL CYMH psily, TIOX1JTHOT,

mudepeHniaga M 1HTEerpan YIOTBC 1l Iia OCHOB1 TOHATTS TPAHMIII.

THOH, 5K 3M1HH&CJII/I‘{I/I}@, [0 Mae CBOE
omi o ICHYB@paHI/IHi 7
@ v HE II Tb J10 )KO@FpaHI/IHI TO 7
.

HeckinyeHHo Mana Be
T'pPaHUICIO HYIJIb.
YaCTHHHHUX C

L 2
psan Komri ga3upae

1 TaKu
Ko BIHMOBHQ reoOMET i OSHAYUB 2 K CyTO

apu(pMeTUYHE 10 Csl OJTHIM 1 Ti¥

xKe caMii 3wmi eoGMe WKAIOT
HBOFO@aBFOI{H Qo OCTAaHHE HAa3UBAETHCS
IPAHMIICIO BCl OCT® Q JT1A0M %_\ UTBIIICTh MaTEMaTHUKIB
MIPUMHSIIA TPAHULIIO 32 OCHOBy@I MaJII/IX. [6, c.286]

[Momanpmi gocuin

cpucco 3HaquH51 TaK II10

BpEUITI pe 13HS

nmo ano 1 Ko, 3poOuB HIMELBKUMA

maremMatuk Kapn Beiie onqI/I IIUTaHHA TIPO TE€, SIKUA CEHC
BKJIAJIA€ThCA y BUpaA3 «3MIHHA H HO HAOJIMKAETHCA 10 IESIKOTO (PIKCOBAHOTO

3HAYCHHS», JI€ HESIBHO IIp 1%yac 1 pyx, BiH HaMmaraBCs MEpPEKIACTH iX B
0

apu(pMETUYH1 HEPIBHO Js1 ONMKUCY HECKIHYEHHMX 3MiH 3MIHHOI Ta (YHKIIT

OyJia CTBOpeHa «MOBa € i 0%: «}hcmo MOYKJIMBO BU3HAYHTH TaKy TPAHUIIO &, IO JIJIs
Oyab-sAKOro 3HaYeHHS h, MeHIIoro ¢ 3a abcomoTHO BenuunHow, f(x + h) — f(x)
Oyle MEHIIE JEAKOl BEJMYMHU &, K 3aBrOJHO Majoi, TO OyIeMO TOBOPHTH, IO

HECKIHYEHHO MaJliii 3MiHI 3MIHHOi BIJMOBIAa€ HECKIHYEHHO Mayia 3MiHa (DYHKIII.
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Betiepmtpacc 3yMiB HajaTH O3HAYEHHIO T'paHUIll YMCIIOBOI MOCTITOBHOCTI (popmy,
Ty’Ke ONMM3bKY 710 cydacHoi. [6, ¢.287]

OTxe, MOXEMO 3pOOMTH BUCHOBOK, IO IOHSATTS TPaHUIl PO3BUBAIOCS
IPOTATOM J€CSTH MepioiiB. | TUIBKU B OCTAHHBOMY BU€H1 3MOTJIM MIPUUTH IO YITKOTO
O3HAYEHHS TPaHMIl YHUCIOBOI Ta TMOBHICTIO BIJOKPEMUTH TEOpII0 TPAHUIL BiJ

MAaTC€MaTHUKU.

1.2. OcHOBHI N0JI0KeHHSI TeOPii rpaHuLb %an NOCJIiIOBHOCTEM

Jani xouemo npoaHams OCHOB eHHH TEOpii TPaHUIlh YUCITOBUX
nocioBHOCTeH. OCKIIhL 1TKO 0, 110 6}’;1 O IPALIOBATH 3 IPAHUIAMH
YUCIIOBHUX nocnmma TOMY po HOHH

&NIHI[OBHOC 1@
MOTIM nepeﬁ;[eMo 0 SATTA T YHCJIOB %I{OBHOC 6
Po3@o aTyp psm

, e, 1, n @anna

po3mimieHi B HOpAAKY HHSI, Ta 'm;me q + 1 cm MEHILIUM
guciioMm n (abo me QIO nuo 61JIBHIO y n+1). @) B IIbOMY PSiIi
3aMiHUTH, TI0 -He6y b @Komﬂej ﬁ JESIKUM JTIHCHUM
YHCIIOM X, %» PUMAEM @B noc@emcn Q

xn+ (1.1)

yiIeHH abo eJIeMeHTI/I AKOT x a HaTypaJbHUMH YHCIAMH 1
PO3MIIIIEHH] B TOPSIIKY 3PQC HOME 1@43 -44]

Yucna xq, Xy, .. %‘ -
YJICHAMHU TIOCITIIOBHOCTI

KOHKPETHOMY, HallpUKJIA],
.

HaTypaJIbHOMY 1 — IIIe YM YJIEHOM IMOCHITOBHOCTI. [27, ¢.95]

OpPIOIOTH HOCJ'III[OBHICTI) Ha3nuBarOTHCsA

CTOITh B IOCJIJIOBHOCTI Ha SIKOMY-HEOYIb

1 HA3UBAETHCS N-UM WICHOM, a TIPU OYyIb-SIKOMY

Yucnosa mocigoBHICTS (1.1) BBaskaeThes 3371aHOT0, SKIIO BKA3aHO MPABUIIO 200
3aKOH, 3a JIOMOMOTOI0 SIKOTO 3a HOMEPOM MICIiS B IOCJIJIOBHOCTI 3aBXIU MOYHA
HA3BaTH YHUCJIO, AK€ CTOITh Ha IhOMY Micli. TakuM 4YMHOM, YHUCJIOBE 3HAYEHHS
nocaigoBHoCTi {X,} 3amexurs Bim n, To6TO € ¢yHKmiero Bix n. Cama 4ucIOBa

MOCTIOBHICT MOXKE po3rjisagaTucs Ak (QYHKINA, 3aJaHa Ha MHOXKHHI BCIX
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HATypaJbHUX yucen. 3 IHIIOTo O0KY, SKIIO 3a/laHa (YHKIIISI HATYPaTbHOTO apTyMEHTY
f(n), To ii 3HaueHHs x,, = f(n) yTBOPIOIOTH YHUCIIOBY MMOCIiIOBHICTS. [3, ¢.72]
PosrnssHemMo mpukiam yTBOPEHHS YHUCIOBOI IMOCHTIJOBHOCTI, SIKIIO 3aaHO

3araJibHAW 4ICH, HAITPUKIAJ,

n+1) sin 2~

2
nz+1

Hanamo n mocminosHo 3Hauens 1,2, 3,4, 5, 6,7, ... oTpumaemo:

Xn =

8

2 6
x; =10, =0;x3 = —giXe = 0; x5 =—@= 0;x, = ~ oo

OT)KG Ma€EMoO HOCHIHOB
Q J& BERLD
1 HOCHIH

Bgenemo no HUII 4 @
qna nocmnma@ 1) HKI[I

Oyab-IKOTQ SIK 3ABLOITHO M amnepe aHoro € y€ Ha HE» YK CIIO
ny(€) Take, mo s 3@13 HO@)TI 3 H&A n> ‘émﬂyenc;l
HEPIBHICTh

Inak 0 a 3I/IBaTI/IC®HI/IHeIO % nociigoBHocTi (1.1), B

TOMY BUMAJKY, SIKIII Maje > O $IJII/I a0CoJIIOTHA BeJIWYHHA

Yucio UBAcTHCA

pi3HUII (X, — @) TOYHNHAIOYU T /:[ €HIIIE 1BOTO E.

b

3yIMUHUMOCS JIOKJI Ha 3’sCy OHSITTSI TPAHMII, CIUPAIOYUCh HA
foro o3HaueHHs. [lepin 33\p€e*3ayB Xuo BEIUYHMHA N (&), 3aJEKUTH Bl TOTO,
ke Oyne AoBuUlbHE €. UnM Memilie UM OinbIine ny(€), TPOTEe BUHITKOM € TOU
BUIA0K, KOJIH HocniI[OByic CK¥A/IA€ThCS 3 OHAKOBUX WIEHIB. JlOCUTh OUE€BUIHUM
€ TBEPUKEHHS: SIKILO n& 1(€) 1 HepiBHICTD (1.2) BUKOHYETBCS TIPH OYIb-STKUX
n > n, (&), To BOHA Oy/Jie BAKOHYBATHCSA 1 TIpH . > N, (€). [3, ¢.73]

PosrnssHeMo nexinbka MpuKIaaiB, pO3B’sI3aHHS SKUX CITUPAECTHCS HA O3HAYCHHS
TpaHuIll YUCIOBOT MOCIIIIOBHOCTI.

JloBeneMo, 110 YUCIo a = 3 € TPaHUIIEO TTOCTIA0BHOCTI, 3arajIbHUI WICH KOl

Ma€ BUT'TIAL
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4 + 3n?
e
3adikcyeMo noBinsHE € > 0 1 moBeAeMoO, 10 iICHYE YUCIO Ny (&) Take, MO s
Oynb-AKOTr0o N > Ny (&) BUKOHYBAaTHMETHCS HEPIBHICTD |x, — 3| < €. [27, ¢.110-111]
Posrnsiaemo

4 + 3n?
n + n2

4 —3n
|xn_3|= |

n+n?|

B 4 +3n? —3n—3n?
B n + n?

OcCKUIbKM OTpUMAaHMI BUpPA3 MEHIIE HYJS JUJIS BCIX N = 2, TO 32 O3HAUYCHHSIM

a0COJIIOTHOT BETUYMHH YKCIIa OTPUMAEMO le

—4

n 2

Sxkmo a =3 € . LSO ):[aH 1 Treci I[OBHOEGX"O‘-IHH&%S JIEAKOTO (b
BUKOHYETHCS n@epmmm % :& 0

O~ D
HOKEDI(GMO m eTch HOMe 18Ha 110 @cﬂ {x,},
MIOYMHAIOYH 3 ;11( g1 0CTa, iBHicTe O KH JIJIS OO
noTpiOHO 3 TaKe % & 0 I[JBI@O npu n > n, ()
BUKOHYETHC CplBH‘ g
Jnst cnpomeH b YEMO III %\ 1ioMm. PosristHeMo Bupas

n(n n+1
1 TIOKa)KEMO, 1110 BiH MCH ' o 110 HEPIBHICTH
+ 1
Ma€e Micle IS BCiX % Ol JUIS BCIX HATypaJbHUX 3Ha4eHb N > n, (&),
BUKOHY€ETHCSI OCTAHHS Hep HICTb, a I¢ i 03HAYAE, 110
4 4+ 3n?
—2 - < E.
n+n

OTxe, yncao a = 3 € TPAHMIICIO JAHOI MTOCTITIOBHOCTI.
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Jlami po3risiHEMO TPHUKIIAL B SIKOMY IMOKaXEMO, 10 YKCIIOBA IMOCIIIOBHICTh
MOKe HE MaTH TpaHuIl. [IpoimtocTpyemo Ha MOCI1OBHOCTI
n
-1,1,-1,1,—-1,... ,(—D", ... . [3, c.74]

JloBenemMo MeToAoM Bia cympoTuBHOTO. OCKIIBKH 3arajbHANA WICH aHOi

. . . . 1 .
nocaigoBHocTi X, = (—1)™, To mpunyctumo, 1mo lim (—1)" = a. Hexaii € = 5 Toxi
n—0o

: o 1 :
icHye ngy (&) Take, 110 BUKOHYETHCS HEPIBHICTD |x, — a| < S AN > ng (€).Ockinbku

X, HaOyBae 3HaueHb | abo -1, TO MOBMHHI BUKOHYBAaTHUCS HACTYIIHI HEPIBHOCTI
1. 1, . v
|1 —al < S1 |-1—a| < > 3BijICH, OTPUMAEMO: c '

2=11-a 1)| @+|gc<—1)|<§+1=1,

T0OTO 2 < 1, 1110 HeMo

OTtxe, moc TB Xp = He Ma .
Icny, %cnocw H nocn Ti, O] X € pe I{FHI/II/I
cnocib 3aI[Q5)\‘0 TO K(@loma do a SIKOIO ounc b-SIKUU
KJ1aga

YJIEH MOCJIITOBHOCTI

reoMeTpuyHa ng:
Posr aBeJne ci0 34, cm;lo MPUKJIIAJIL: TOBECTH,
1 QO npu |q| < 1. [3, ¢.75]

n HOHC I[OMI/I n METHYHA 1

10 mocaiIoBEiCcTE 1, rpaHu

)
HiiicHo, |q" — Q@Q e. Ilpo MYEMO OCTaHHIO HEPIBHICTb,

OTPHUMAEMO
lge
lglq &n —

Iglql

OTtxe, 17151 OYB-SKOTO € Bi ITHE YKCJIIO

Ige
-\ oo =5 (55)
s\\ glql
Jlami  po3ryisHEMO ° TEOMETpPUYHE TMPEACTABICHHS TPaHMIl  YHCIOBOI
MIOCJTiJIOBHOCTI.
Uucnory nocainoBHICTh (1.1) MOXHa pO3TsaaTH sIK MOCIIIOBHICTh TOYOK
npsmMoi. ToMy mpo TpaHUIlIO0 YUCTOBOT MOCTIAOBHOCTI MOKHA TOBOPHUTH SIK TTPO TOUKY

Ha npsaMiid. Po3risinemo HepiBHICTSH (1.2), BoHa piBHOCHIIbHA HEPIBHOCTI
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—&e<xp,—a<esSa—e<x,<a+te

ToMy o3HaueHHS TpaHUIIl YHCIOBOI IMOCIIJOBHOCTI MOXHa C(HOPMYITIOBATH
HACTYITHUM YHHOM.

SAkimo Toyka a € rpaHuliero mociigoBHOCTI Todok (1.1) Tomi, sikuit Ou OKLI
(a— & a+ €) TOUKM a MM HE 3a/1aJIH, 3HAHAETHCS TaKe YHUCIIO Ny (€), 0 BCi TOUKU
noctitoBHOCTI (1.1) 3 HOMepamu n > ny(€) MOTPAIUIAThH B 3aIaHUNA OKLJI.

[To3a uM OKO0JIOM MOK€ OYTH TIIBKUA CKIHUEHHE YHUCIIO TOYOK X7, Xy, ..., Xp.
Sxiio B3atu €' < €, To okin (a — €';a + €') Oyne %THCH B okoii (a — & a + ¢).

BiamosigHO B HEOTO HOTpaHJIHT KU nocmz[m@ OYHMHAIOYH 3 O1IBII BUCOKOTO

HOMEDA.
3arajJpHUH YiIeH Q MMac 11 II[OBHICTB 3HAYCHb. To
TPaHMUIIS TOCTIO0B Q) TaK BaeTb@em 3% .3, c.
0 'q% rpaHuLi cjjoBQi & OBHOCTI I/I JUBae Q
TBemeeHG i NHI/IHIO @ SIKIIIO
MOCJIIIOBHICTh HE M€ ‘ 301KHa %13]

Icnye me CIiI0 HOC KE JIa€ThCs Ha
2
OCHOBI TTOHS 1HYCH
ITocmi CTh { HUIICIO ‘ € quciigm{); HMBA€ETHCS HECKIHUCHHO

MaJIOKO BEJIUYUHOIO %CKiH

SIKIIO B KJIACUYHOMY Q
HepiBHiCTh  (1.2) HaO ACTIAIY o | = |x,| <e&. OTmxe, O03HAYEHHS
HECKIHYEHHO MaJloi B€ 151 @' chopMyIOBaTH HACTYIMHUM YUHOM:

€

1HY€HHO MaJOIO, AKIIO BOHA 3a a0COJIFOTHOIO

J'IOBOI HOCJ'III[OBHOCTI a = 0 TO

IOCTIIOBHICTD {X,} Ha3MBaeThH
BENIMYMHOKO MEHIIE K 33BToffHo oro Hamepen 3agaHoro € > 0.

VY nepiomy o3Ha L, YpaHuIll YMCIOBOI MOCIITOBHOCTI, SIKE MU PO3TJISTHYIIH,
0ayuMo, 1110 PI3HMI MK 3MIHHOIO Ta 1i rpaHuner (&, = X, — a) € HeCKIHUCHHO
MaJIor, OCKIJIbKH B ity HepiBHOCTI (1.2) Maemo, 1o |a,| = |x, — a| < & ns Oyas-
akoro n > ny(€). 1 HaBmaku, SKIMIO @, € HECKIHYCHHO MaJiol, TO X, — a. lle

IPUBOAUTH IO HACTYITHOTO TBEPIDKCHHS: IJIS TOTO, 1100 MOCTIAOBHICTh {X,} Mana
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CBOEIO TPAHMILICIO MTOCTIMHE YUCIIO @, HEOOXITHO 1 AOCTATHBO, 1100 PI3HULA MK HUMU
a, = X, — a OyJa HECKIHYEHHO MaJIOIO.

Y 3B’M3Ky 3 1IMM BBEIEMO HACTYIIHE O3HAYEHHS TPAHUII YHUCIOBOI
MTOCJTiJIOBHOCTI.

YucIto a Ha3UBAETHCS TPAHMIICIO TOCIITIOBHOCTI {X;, }, SIKIIO PI3HUIIT MK HUMHU
€ HECKIHYEHHO MaJla BeJIMYMHa.

OTtxe, SIKIIO X, — @, TO X,, MOXHA MIPEACTABUTH Y BUTJISAL X,, = 4 + @y, JI€ Ay,
— HECKIHYEHHO MaJia, 1 HaBmaku. [29, ¢.47-48] g

OCKiTbKH TPaHUIIS YUCIQBOT MOCIITOBHOETI, ¢ HaO0yBaTH Pi3HUX 3HAYCHb,

BKJTFOYAIOYH ¥ HYJIb, TO CIIP 010 € &@a TeopeMa.
.
Teopema 1.1. xnw b (a \TO 3HAYCHHS 3MIHHOI X
n

OYMHAIOYU 3 JIes @ YIYTh e (Me a JIesK } b. (b

ﬂ03®exaﬁ li ada & b). Bi3 Kin (a 4 q, £)
TOYKH a, JIE a Bi:&diﬂ( TO‘{@ b, T00 —b( ). Take
0

€ Oa)xxaHo B3STH HJ& 00 TO‘{ SIBUJIACST @ OJIOM. '@a O3HAYCHHSIM
TpaHMUII qHCﬂO@C 17TOBHO @ 6yab-$${x 3aBrOJIHO Majioro
Harepen 3a e>0i1 % ) Ta B KOHY€Q IBHICTS |x, — al| < ¢,
3BiACH a — £ X, s v arouu 3 n = ny(e) + 1,
MaeEMO X, > a — € mﬁm . 6
b /103@ aHAJIOT1YHO.
3 TeOMETPUYHOI T opy: s OBHICTh TOYOK MpsIMOT {X,,} Tpsmye

3ayBa)xuMmo, 110 BI/ma)@

IO TOYKH @, 1 TOYKA A WEKHT me Oynb-sKOoi TOYKM b, TO 1 BCi TOYKH
MOCIJOBHOCTI, MOYMHAI0UHU 3, HQAKOFO 1 (&), I€XKATh MpaBilie B TOUKHU b. [3, c.82]

’ . “ee
Posrnsaemo teo €XUTh B OCHOBI OIlepallii TPaHUYHOTO HEPEXOTY.
oc

Teopema 1.2. T1 OBHICTh MOK€ MaTH TIJIbKH OJIHY TPAHUITIO.
JloBeaenns. JlopeneMo MeToaoMm Bif cympoTuBHOro. Hexail mocinigoBHICTb

{x,,} mae nBi pizui rpanumi aib (a # b). Toxi, aus 6yas-sikoro € > 0, iCHYIOTH YKCIIa
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ny(€) 1 ny(€) taki, mo npu n > n, (&) BUKOHYETHCS HEPIBHICTD |a — X, | < %, a mpu
n > n, (&) BUKOHYETHCSA HEPIBHICTD |X,, — b| < 2

Bizememo sike-HeOyap uncio ng(g), OiabIne KOXKHOTO 13 yucen nq (&) 1 n, (&),

. . E .
OTPUMAEMO, IO NpH N > Ny(€) OyAyTh BHUKOHYBATHCS HEPIBHOCTI:|a — X,| < S 1

|x, — b| < % Aune Toxi

£
la = bl = (@ =) + (g = DI < la = x| + [t = b] <5+
Orxe, mis n > ny(e) Oymemo MaTu: €. Ilpore 1s HepiBHICTH

HEMOJKJINBA, OCKIIBKU € SK 30 Maie g ¢ JoJaTHe Yucio, a abcoaroTHA
) ) . *
BEeITMYMHA PIZHUII JTBOX 3a11.ajm HE m\i6ym MeHTIIIe Oyab-SKOTO

R

i @ . OTpPIMa@'I OTHPI1 \OT)KG, ﬂK@

MMOCJIi JOBHICTH Ml IO, T JIMHA. [f K 0
Hep 0 pc@ ocyrm@ pa @QHOFO

Halepca 3a,uaH0ro

nepexoay

Teopema 1 I[Bl no ocTi {xn } npu 6@1{1}1}( X 3MiHax
piBHI, HpI/IHOM Mae CB HI/III WF b, To piBHI 1 ix
TpaHuIll a

JloBenehHsl. Q@ 03Ha IRy IOCIIJIOBHICTH, TO 3a
Teopemoro 1.2, a = 66

Teopema 1.4. Sk ox nocJi creii {x,} i {y, }3aBxau BUKOHYETHCS
HEPIBHICTb X;; = VY, Hpn OKHA Mae rpaaunoo lim x, = a, lim y, = b,

n—->oo n—oo

Toia = b.

JloBe1eHHs. I[OBe;[e aoM Big cynpoTtuBHoro. Hexai a < b. Bizbmemo
SKe-HeOyaAb YHCIIO T cmamu a i b (a<r <b). Tomi, 3 ogHOro OOKY,

3HANEThCS TaKUH HOMED n1 (¢), mo mist n > nq (&) Oyae BUKOHYBAaTUCS HEPIBHICTD
Xn, <71, 3 1HIIOro OOKy — 3HAWJEThCA 1 Takui HOMep M, (&), mo A n > n,(&)

BUKOHYBAaTHUMEThCS Y, > 1. SIKI0 ny(€) Oinpme 060x unucen n,(€) i ny(€), T0 ms
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HOMEPIB N > ny(g) OyayTh OJHOYACHO BUKOHYBATUCS OOWIBI HEPIBHOCTI X, < T i
Yn > T, 3BIICH, X, < Yy, IIO CYNIEPEUUTh YMOBI. [29, ¢.56]

Teopema 1.5. Skmio nocmigoBrocti {x,} 1 {y,,} mators rpanuni lim x,, = a,
n—-oo

limx, =a 1 a<b, 1O 3HalgeThcs Takuih HOMEP Ny(g), mo n > ny(e)

n—oo

BUKOHYBATUMETHCSI HEPIBHICTD X, < V.

. . o b—a .
JoBenenns. BizbMemo noBinpHE uncio € > 0, Hexail e Oyne — - Toll

b—a a+b

+te=a+ =
aeazv

b % i
2,¢
3 I[LOTO BHIUIH Q a -|-'4 & Oc & a aaunsg {x,},
3HAUJETHCS HO &KHH $ 6 & ?b
% ER Xn & % 0 &
npu n > np(e).

N O
OckinbKku b @\H {vn}, @TM}H p@ @ é
'{ Yn < (1.4)
npun >n \% 0
Hexaii @ficiio n 1(&)1n @ n, n > ngy(€), 0oqHOYACHO
BUKOHYIOTBCSI BIJTHO (13 . aK 110 x& — &< Y.

Otxe, x, < yu. [27, c.

3ayBaXMMo, 110 3 1.3-1. €, 1110 3HaKHU PIBHOCTI U HECTPOTOi

HEPIBHOCTI 30epiratoThcs ipu rpam&@y nepexozi. [1{o & cTocyeThcs rpaHUYHOTO

nepexoay B CTPOTid HEPIBHO X< Y,), TO MPU TEPexojai A0 TPaHMIll MOKE

3’SIBUTHCS 3HAK piBHOCf&@,‘ < lim yn). [3, c.83] Ilokaxkemo 1€ Ha MPUKIIAI,
— n—-oo

PO3TISTHEMO MOCTiTOBHOCTY, 3araJibHI WICHH SIKUX JOPIBHIOIOTH

2 2
xn:_gr ynzg

OdeBuHO, O X, < Yy, MIA OyIb-IKUX N, y TOH Yac gk lim x,, = lim y,.
n—->oo

n—-oo
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[MepeiimeMo 10 PO3IIIsAY TEOPEMH, sIKa 3aCTOCOBYETHCS IMPU BCTAHOBJICHHI
ICHYBaHHSI i BETUYMHU TPAHUII TOCTIIOBHOCTI.

Teopema 1.6. SIkio mis nociaigoBHOCTEH {X,, }, {V }, {2, } 3aBK a1 BUKOHYETHCS
HEpiBHICTE X, < Yy, < Z,, npu yoMmy mnocmigoBHocti {x,} i {z,} npsmyrors 10

oaHakoBoi rpanumi a: lim x, = lim z, =a, 1o i mocninoBHicTL {y,} Mae Ty camy
n—-oo

n—-oo

rpanumio lim y, = a
n—oo

JloBeaenns. Bispmemo noBuibHe € > 0 13HalAeMO Takuii HoMep N4 (&), 110 MpH
n > ny (&) BUKOHYETHCS HEPIBHICTh a4 — € < X,

[ToTimM, 3HaiaeThCsa Ta OMep n@ HpI/I n > n,(€) BUKOHYETHCS

HEPIBHICTh a4 — € < Z, < %
Hexait n, (e) n, (e) @\ TOJ & ua> @

BUKOHYIOTBCS 00 nepez[H' HOCTI, T e < Xp Zn<a

J

OrxE, npu w > n,

KOHYET lBHICTB g& abo
Yo —al <% Q\ b
Taxkum umHO Q = Q. ; 27, ¢. 146
aHy Te womm 3 ngeMo JTOBUIBHUM

TOY CKIJ'I MIHHa X TO BCi SHAYCHHA X,

ITIOYHNHAK4H 3 CSIKO QMY OKO A@)F HO, 3 Z,, — A BUIIJIMBAC,
HO‘-II/IHaIO

aTo BCl 3HAYCHHS Zn, aXOI[HTBCSI B IbOMY okoui. Tak

K 1711 Oyab-sIKUX 3HAYE KOHy WHA HEpIBHICTh X, < Y, < Zp, TO
3HAYEHHS Y,,, MMOYHMHAIO )ICHK yTL Hanmexxatn okoay (a — e a+ €).
OCKUJIbKH OK1JI OOMpasid AOBLIb M JIOBEJICHO, 0 OyIb-SIKUH OKIJT TOUKH a
MICTUTh BC1 3HAYCHHS yn q €, o y, — a. [3, c.84]

3ayBaxxuMo, 1110 &k 1.4-1.6 3acTOCOBYIOTHCS 1 Y BUIIAJIKY, KOJU T'PAHUIIST

JIOP1BHIOE HECKIHUYEHHOCTI.
Posrnsnemo TeopeMy, sika TOB’sA3aHa 3 apUPMETUUYHUMHU ONeEpallisMU Hal

MOCJIJOBHOCTSIMHU, JIJISl IIbOTO BBEJIEMO HACTYITHE O3HAYCHHS.
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Sxmo {x,} i {y,} — mocmigoBHOCTI, TO iX CyMOI0, JOOYTKOM i YacTKOIO

HA3WBAIOTh BIANOBIZHO HOCHimOBHOCTI {Xx, + y,}, {x, v}, { } O3HayeHHS YaCTKU
Tl

MO>KJIMBE JIuuIe 32 yMOBH Y, # 0 11 Vn € N.
Jlani posrisiHeMo JieMH, Kl OyayTh MOTpPiOHI MPHU JOBEIEHHI TEOPEMHU PO
apu(pMEeTHYHI oreparii HaJ| MOCiJOBHOCTSIMH.

Jlema 1.1. Hexaii {x,} i {y,} — mocnigoBHoCTi. Skmo lim x,, = ai lim y, = b,

n—oo n—-oo
TO
1) s Ve € R, lim cxy, ?v
n—>oo
2) i a) (yn
n
JloBeaeHHs. 1) 5 Ve icHY TaKC 0 HpI/I n> no%
BUKOHY€ETHCS HEPI o]l |cx£< E. 0
I[JIH pIoKe CB III?

2) Imﬂ v HYIOT @ n, (&) nl(e)
BUKOHYETHCSI Hepl —af un @ - |y —@ €. Toxni mpu
n > max{n, (e@ €)}, oTpum

_a)(yn | = |

Jlema

|yn Qe 20, c.43]
mOBHO@K 0 llm Yn = b npudomy

JoBenenns. BizpMeMg & HOMEp N, (&) € N Takuii, 1m0 npu

n > n, (&) BUKOHYETHCS HEPIBHIC | < &.3Bigcu Mmaemo, 1o mpu n > n, (&)

|b]
b——< yn <b+).

b .
SAxkmo a = 0, TO&BOl HEPIBHOCTI OTPUMAEMO Y, > = SAkmo a < 0, To 13

. : : b Ib| :
NpaBoi HEpiBHOCTI oTpumaemo y, < -. B obox Bumaikax |y, | > —- Hani npu

noBiTbHOMY € > 0 Bi3zbMeMO N,(€) € N,n, (&) > n, (&) Take, mo npu n > n, (&)

. b%e .
BUKOHYETBCS HEPIBHICTS |y, — b| < —- 3Bincn, npu n > n, (¢) maemo:
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1 1 Iy”_b|<| b - 2< 20, c.43
v bl Ty S PlpEse 20

Teopema 1.7. Hexaii {x,,} i {y,,} — mociimoBrocri. fxmolim x,, = a i

n—>oo

lim y, = b, To:
n—>0o
1) lim (x,, + y,) = a + b;
n—-oo
2)  lim(xy-yn) = a-b;
n—>0oo
3) lim 2 =2 sxmoy, #0VnENib # 0.
n-oYn b

JoBenenns. 1) Hexait 3a oe>0. ﬂKI.LO] X, = a,To icaye ny(¢) €N

Take, o it Vn > n, (s) yeTch @B |xp ™ a| < }IKmo llm Yn = Db,
TO iICHYE N, (&) € & st V X&) BU e@ca Hep1
3Biacu zum vn ax{n, (e aeMo 0
e>| +dx, - NG - b ‘Qn—co ;vn)
2) [y noBene 0 TBEp BHKOp 0 Jiemy 1 CTaEMOCS
TOTOXKHICTIO &HQ @
—ab (é )(yn\); alyn - Q(xn

Ilepe r% JiBIH 1 11/1 qacm 0CTi, BUKOPUCTOBYIOUH
aemy 1.11 TBemee

e
3) Le TBepmxeHHS BI/IHJ‘I JOKCHHS 2) I1€1 TEOPEMHU.

Mu noBenu, KOX >1<eH OKpPEMO, TOMY 1 BCIO TEOpEMY

noseneHo. [20, ¢.43-44]

3ayBa)xuMo, 1110 J1aHa TEO aBeJIMBA i Y BUMAJIKY, KOJIH OJTHA 13 TPaHUIIb
JOPiBHIOE HCCKlH‘IeHOCTl

VYci panime po3 M €OpeMH JI03BOJIAIOTh 3HAXOJUTH TPAHMIIIO YHUCIOBOI
TIOCJTIIOBHOCTI, PO Te BOHU HE SIBIIIOTH COOOIO YKOJHOTO €AMHOTO MPUHOMY ISt
JIOCITIKEHHS TIOCJIIIOBHOCTI Ha 1CHYBaHHS ii rpaHutll. O4eBUIHO, IO TIepe]] TUM SIK
3HaXOAUTH TPAHMIIIO YMCIIOBOI MOCIIIOBHOCTI, HEOOXITHO MOKa3aTH, 110 BOHA ICHYE.
Inkonu B3aram He MOTPIOHO 3HATH TOYHOI T'PaHUIIl YKCIOBOI TMOCIIJIOBHOCTI, a

BOXJIMBO 3HATH, 110 BOHA ICHYE, TOJI MOCTIAOBHICTh € 30DKHOI0. TOMYy € IOCHUTh
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BOXKJIMBUM PO3TJIIHYTH O3HaKy 30DKHOCTI YHCIOBHX THociaijgoBHocTei. Ilpore
CIIOYATKY PO3MVITHEMO O3HAY€HHS MOHOTOHHHUX TOCIITOBHOCTEH.
[MocnigoBHicTh (1.1) Ha3UBAETHCSI MOHOTOHHO 3POCTAIOYOI0, SAKIIO IS Oyb-
SAKUX HATYpPAJIbHUX 3HAUYEHHAX N BUKOHYETHCS HEPIBHICTD X, 41 > Xp. [27, €.100]
[ToxakeMo Ha TPUKIAAI MOHOTOHHO 3pOCTAar04y IMOCHIIOBHICTh. JloBeCTH, 110
MOCJIIJIOBHICTh HEMAPHUX HATYpaJIbHUX YHUCEN MOHOTOHHO 3pocTratoua. Hexaii maemo

nociigoBHicth 1,3,5,...,2n —1,... 3aragpHuil wieH skoi X, = 2n — 1. JlilicHo,

Xne1 —Xp =[2n+1)—-1]-2n—-1) = 2, mpt@n 0 Xp4q1 — X, > 0, TOOTO
3

Xp41 > Xp JUIA OYAB-SIKOTO HALYpPaIbHOTO N a O3HaYEHHSIM MOHOTOHHO
3pPOCTAr0YOI IOCIIIJOBHOCTI 01 @ICTB I;enapHHx HATYPaJbHUX YUCE]
MOHOTOHHO 3pOCTar04a &

Hocnmomw&mmme OHOTOH Q\HOIO ;yﬁ s 6yn%@
HATypajb * XN B@ HeplB xn+1 <

Pos@ T0HH§ o1 mocii : 60

i@
ARG
"@ ? %?1)

Hiiic
TOOTO X4 < X IJIA SII(I/IX n, 16HO OyJIO TOBECTH.
[MocmigoBuicte (17 HB&E%&HOTOHHO HECHAJIHOI a00 MOHOTOHHO

HE3POCTAKYOI0, SKIIO IS V1 € YETHCSI HEPIBHICTD Xp4q1 = X, 00 Xppq <
X, BiOMoOBigHO. [27, C. 101]

Hagenemo HpI/IK% MOCJTIIOBHOCTEH: TOCIIIOBHICTh WICHH SKOI1 PiBHI
MiX COOOI0 € OJIHOYaCHOWMOHOTOHHO HECTaJHOK 1 MOHOTOHHO HE3POCTAIOYOIO;
MOCIIZIOBHICTD Y SIKOT 32 KOKHUM HETIapHUM YHCIIOM, IOYMHAIOYH 3 OJUHMIIL, CIIITy€E
MIJPsT ABa OJHAKOBUX MapHUX YMCIIA, HA OJUHUIIIO OUIbIIE 3a MONEepeaHE HemapHe

YHUCIJI0, € MOHOTOHHO HECIaHO0, Hanpuknan, 1,2,2,3,4,4,5, 6,6, ....

SK110 %KoIHA 3 YMOB HE BUKOHYETHCS, TO TIOCTIAOBHICTh HE € MOHOTOHHOIO.
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Teopema 1.8 (kputepiii BeitepmTpacca). MoHOTOHHA MOCTIIOBHICTE 301KHA
TOJII ¥ TUIBKH TOJ1, KOJIU BOHA € 00OMEKEHOIO.

JoBenenns. Po3risiHeMo BUNAA0K ISl MOHOTOHHO 3pOCTar0u01 MOCIOBHOCTI,
BUIAJ0K MOHOTOHHO CITaHOI ITOCIIJOBHOCTI JOBOIUTHCS aHAIOTIYHO.

Hexaii {x,,} — 0OMexeHa MOHOTOHHA ITOCITiAOBHICTh. OCKIIBKHA MHOKHHA
{x,,:n € N} oOMexeHa, TO icHYe SUp X, = a Take, 1o ;i Ve > 0 icaye ny(g) € N
TaKe, 10 BUKOHYEThCS HEPIBHICTD @ — € < Xy (o) < @. [HaKie a He 0yyo 6 TOUHOI0

BEPXHBOIO IPAHHIO MHOKUHU {X,, }. OcKinbku {x,} %a}oqa HOCIIOBHICTb, TO IIPH

n > n, () MaeMoa—e<xn‘6<ana<c®.

3BIJICH CIIZIYE, L0 li

Hacainoxk 1.1. q pOCTaIO‘@I[HOI) CKL[OBHOCH %
OLITBIII i T aHI/IHI%

Mae€ IrpaHunro, H

exan MOHOT 3pocTa ; Mae
TPaHMUIIIO. xn} €Ha 3H® THKE anae 3

HHW>XHBOIO l"paHIO KOHYET

(1.5)
1 J'IlI[OB eHme il rpaHuIIi.
0 Hecn i ocninoBHoCT! B (1.5) nns

JIJBI OQHOTO 3HAUeHHI N =k

xnz

TOOTO KOXK MOHOT ocTa
3ayBaxkMo, IKY M
BCIX 1 Oyze BHKOHyBa A CTp icT

JificHo, SKIIO MpHU

BUKOHY€ETbCS HEPIBHICT ) T06T0 TO B CHJY O3HAY€HHS MOHOTOHHO
HE3POCTAar4Y0l MOCTIAOBHOCTI X k OTpI/IMaeMO Xp41 < @, WO CYNEPEUUTh
HepiBHOCTI (1.5), sike TOBUHHO yBaTHCS IS BCIX 7.

Hacainok 1.2. 4 Y@STOHHO HEeCMaaHoi (3pOCTaroyoi) MOCHII0BHOCTI, sKa
Ma€ TPAHHMIIO, HE OUTBII ) i€l TpaHUII.

JloBeneHHs aHajoriyHe 0 AoBeaeHHs Hachiaky 1.1. [27, ¢.138]
[Ipu noBeneHH1 6araTb0X TEOPEM MaTEMAaTUYHOTO aHAJII3Y YaCcTO 3aCTOCOBYIOTh
METOJI BKJIQJIEHUX BiAPi3KiB. BiH 0a3yeTbcsi Ha MPUHIIUII BKJIAJACHUX BIAPI3KIB, SIKUMA

BUIUIMBAE 13 TEOPEMHU MPO TPAHUITI0O MOHOTOHHOI MTOCIIJOBHOCTI.
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k1o 1151 HECKIHYEHHOT TOCITIIOBHOCTI BIJPI3KiB

lay, by], [az, b, ], [as, bs], .., [an, byl ... (1.6)

MaroTh MICII€ BIJTHOIIICHHS:
a,<a,<a; < <a, < (1.7)
by =by=b3 =:-=by =+, (1.8)

npu yomy lim (b, — a,,) = 0, TO HeCKiHYCHHA TOCIIAOBHICTH Biapi3kie (1.6)
n—-oo

Ha3UBAETHCS MOCIIIOBHICTIO BKJIAJICHUX B1IPI3KiB.

Teopema 1.9. Bynb-sxa nociiIoBHICTh BKJIa Bi,Z[piBKiB Mae€ OJIHY 1 TIIbKU
OJIHY TOYKY, CHUIbHY 3 BCIMa MBMipi3KaMu, ye TITBKU OJTHE YHCIIO C, SIKE
3aJI0BOJIBHSE BiHOMICHHS -sncow n.

JdoBeneHns. I[JI r@ @
@ % b;, TOQTQ < bl, \
IR
Tom MOHOT cCraaHii JIOBHOCT] TakK 1 y&lHO HE
3pOCTaroyii MOCIIIT &Q (1.8) 10@113 TobTOd8HYe lim

n—>oo

3a yMOB @ .
li a, @bn — a@
n n—oo 00
3BiJICH BUILIH Q 6
bi b og?
[To3naunmo wyepes QGHHH & upb. [Ipy npomy, 3 HaCHIAKIB 13

Kpurepiro Betiepmpacca, 0: ay = ¢, sike 0 He OyJ10 N, TaK 110 P Oy b-
SKOMY HaTypaJIlbHOMy M BHUKO, eplBHICTB a, <c<b,, To0TO TOUKa C
HAJIC)KUTh KO)KHOMY 3 Bl%p

JloBenemo, 1110 1 \ 01 TOYKU He icHye. JIJIsi IhOro MOKaXeMo, 110 KOKHa
TOYKa C', CIiIbHA [T BCiX BiApi3KiB [a,,, b, |, HeoaMinHO cmiBmagac 3 ¢. [Ipumyctumo,

110 MpHU Oyab-SIKOMY N BHKOHYETHCS HEPIBHICTH a4, < ¢’ < b,,. Ockigpku lim a, =

n—->0o

lim b, = c, To 3a Teopemoro 1.3, maemo: lim ¢’ = ¢, To6To ¢’ = c. [27, ¢c.144-145]

n—oo n—oo
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3ayBaKUMO, SIKIIIO AHAJOTTYHUM CIIOCOOOM JaTH O3HA4YEHHS IOCIIIOBHOCTI
BKJIQJICHUX 1HTEPBAJIIB, TO B I[bOMY BUIIQJKy T€OpeMa BUSBUTHCS HE BipHOIO. [[ilicHO,

skio B3saTH iHTepBan (0; 1) i po3aiauTu Horo HaBmii. Bubepemo B SIKOCTI APyroro

) ) 1 ) ) 1 ..

IHTepBaIy JiBYy YacTHHY, TOOTO (O;E)' [Tonummmo 3HOBY 1HTEpBa (O;E) HaBILI 1
. 1\ . . ) . - )

BHOEpEMO HOTO 4acTUHY, TOOTO (O; Z) 1 T. n. Ller mpouec HeckiHueHU. BiamoBiaHo
) ) ) ) ) 1

OTPUMAEMO HECKIHUEHHY IMOCIIIOBHICTh BKIaacHUX iHTepBaniB: (0;1) D (O;E) D

1 1 D ) ) ) .
(O;Z) 5. ((); z_n) D .-, IuTepBamu i€l noc@mcn HE MICTATh KOJIHOI
CITIIBHOI TOYKH, OCKUIBKH, SIK qu a H WKKY, 3HAIICTBCS TaKe YUCIIO Ny,

1110 2%0 < a ¥ iHTepBaIU OBH I/IHaIO‘II/I’; He MICTSTh Tquy a.
Touka 0 € cninrmu@ JIUIS BC1 @BB&J‘IIB @aanexcﬂ 3 c.104]

JaHa Teoﬁ € Ha3BYy &MI/I Ka PO BKJI eH BIJPI3KN»; Q
npuiMaTu| i pMyJI : -}IKOI I JIOBH JICHUX
BIJIPI3KiB ICHY€E €11HA 1110 Haﬂe ClM Bl @aﬂm I c@aocn

ITpu po3rnﬂ& OCTI OBHOCTI { HOMoromQ‘quHﬂ 3015KHOT
ITOCJI1JTIOBHOCTI omzm, @ ﬁ paHHu — a) CJICMCHTIB

MOCJI1ZIOBHO a IH cJIoBaM WYMHY TpPaHWIl a IIi€l
HOCIIZOBHOCTI JIOB ST BJ HpOT 63 BCTAHOBUTH KpPUTEPIH
301KHOCTI MOCTIAOBHOCTI, SIKU @ CHOBOI( npo i1 301KHICTH JIMIIIE
M0 BEJIMYMHI 11 €JIEMEHTIB i opnc eMYUHU nependavyBaHoi rpaHuLll
i€l mocnigoBHOCTI. /1 TaHO TAKOTO KPUTEPII0 BBEAEMO TOHSTTS
(GbyHIaMEHTAJIBHOI MTOCITIIOBHOCT] %2]

[TocnimoBHICTH {xn} a ThCSl (DYHIAMEHTAIbHOIO a00 IMOCIiAOBHICTIO
Ko, sxmo mis Ve & ny(e) € N Take, mo mpu n > ny(e) i m > ny(e)
BUKOHY€ThCS HEPIBHICTB | x| < e.

Teopema 1.10 (kputepiii Komi). YncnoBa mocnioBHICTh 30ira€Tbesi TOAI 1

TUIBKHU TOJI1, KOJIM BOHA € ()yHAAMEHTAJIbHOIO.
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NoBenennsi. Hexaii lim x,, = a. 3a maaum uuciom & > (0 3HaiIeMO HOMED
n—-oo

ny(e) Takmii, mob mpu n > ny(€) BHUKOHYBaJACS HEPIBHICTH |X, — a| < 2 Skio

teriep m > ny(e) in > ny(e), 10 %, — x| < % — al + |x, — al <§+§= €
Takum 4YMHOM, MU TTIEPEBIPUITH, IO 301>KHA MOCIIOBHICTD € (PyHIaMEHTaIbHOIO.
Hexait Temep {x;} — &yHmaMeHTanbHA MOCTIIOBHICTh. 3a ganuM & > 0

3HaieMo HoMmep Ny () Takuii, mo i3 m = ny(e) ik = ny(e) BUIIMBaE HEPIBHICTH

|2 — x| < § Badikcyemo m = ny(e), orpumaemo, Imo a1 Vk > ng(e)

BUKOHY€ETHCS HEPIBHICTh O

g < 0(‘s) ‘b— (1.9)

ajJe OCKUIBKH Ma€eMO C

ch e B IOCII i {x,} Mepami, %
MeHI g (€), T JII/I 110 &%l eHTaJ'IB a JIOBHIC XXeHa 0
J1aIEMO Q .
HLQ)AHJIHB'& An < Ay y n+1 < b," 1710BHI aZCHUX
BiZIPi3KiB [a,; b ¥§;?bﬂy TOY TeopeM .
OCKIJ‘ILK N ThCSA He TB a, < S n. @ Ipu k = n,

a, = infx upx k>n
xkl Q (1.10)
Ane 3 (1.1) Bunifiugae, m@
£
xno(s) - an pxk = xno(e) +=

3’

TOMy Ipun > m
= < 3 (1.11)

[TopiBHIOIOYH (1 ].O) (1.%1), 3Haxomumo, 110 MpH Oyab-skomMy k > ny(e)
BUKOHYETHCSI HeplBHICT Kl < e

OTtxe, llim X, = Q. [10, c.119-120]

Biamitumo, mo kputepiii Ko Mae MOCUTh BaXIJIMBE TEOPETUYHE 3HAYCHHS,
NpoTe BIH HE €, SK 3aBrOJHO 3PYYHHUM MPAKTUYHUM CIOCOOOM JOCIIIIKCHHS

MOCIIOBHOCTI Ha ICHYBaHHS 11 TpaHMIIL.
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[Tokaxxemo Ha mnpukiaai 3actocyBaHHs Kputepito Komr. JloBememo, 1110
HOCIIOBHICTD X, = 1+ q + -+ q", ne q — Oyap-ske uucio 3 inreppany 0 < g < 1
€ 301>KHOIO.

Ji1st Oyab-sIKOTO HOMEpa 1 1 OyAb-sIKOoro m € N BUKOHYETbCSI HEPIBHICTh

Xnem =%l = A+ q++q"™) =(A+q+-+q) =" +q" + -+

n+1 n+1i+m n+1
—q q

n+m _ 4
grm =t — < (1.12)

3adikcyemo mosigbHe € > 0. Ockinbku mpu 0 < q < 1 mocmigoBHicTs {q"} €

HECKIHYEHHO MaJIOl, TO JUISl JOJATHOTO YHCia @) 3HaieThess HOMEp Mg (€)

TaKWi, 10 MPH BCIX N = N (e Hy€TBC$I

qn (1.13)
I3 HepiBHOCTEH 1 13)

ae mor@r b-SIKH n0(£)16 %
SIKOro m € N BUK csl Hepl

—q) 0
1-q
a 11e 03Haqa€ 101(0) z:a ¢OBH1 &aﬂv{e 13a M KOI[II €
301kHOM0. [11, c 1
KpHTe ’ 1 103B % BC&MH >1< CTB MOCJTiIOBHOCTI,

TOMY PO3IJ1 3ane 03Haqe YHI[aMe HOCJ'III[OBHOCTI

HOCJ‘Ii,Z[OBHiCT HE (by BHOIO, AKIIO st Ve > 0
icaye ny(e) €N TaKe 1110 z@ o(&) BUKOHY€ThCS HEPIBHICTH

| — x| = €.

PosrmsiaemMo mocmiaBfIcTh {
1 1
3T

SIKIIO BI3bMEMO I/IMa€MO PO301KHY TTOCITIIOBHICTb.

Hexaii 3aiana mocimiA0BHICTh X, PO3TJISHEMO MOCTIAOBHICTh M), — JOJATHUX
HUIMX YUCENT, TaKy, WO Ng < Ny <Ng < -+ Toxl NOCTIAOBHICTb X, HA3UBAETHCS
i ITOCITI JOBHICTIO TIOCTiIOBHOCTI {X,, }.

Teopema 1.11. Sxmo mnocmaoBHicTe (1.1) 30iraerbcs, TO Oyab-sika il

T IITOCIII JOBHICTH
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Xnys Xnys Xngs eees Xnps oon (1.14)
TaKOXk 301ra€THCS, MPUUOMY JI0 TOTO K YKCIIA, 110 1 3a/IaHa MOCI1I0BHICTb.
HoBenennsi. [Tozaaunmo rpanuito mocmigoBHOcTI (1.1) wepe3 a i Bubepemo
noBuUIbHE uncio € > 0. g nociigoBHocTi (1.14) HezanexxHOI0 3MIHHOIO (DAKTUYHO €
k, i Tomy, 100 mOBeCTH, IO 1 MAMOCTIAOBHICTH (2.14) Mae TpaHUIICIO YHUCIIO a,
NOTPiIOHO JOBECTH, IO /71t BUOpaHoro € > () icHye Take HaTypajbHe uncio K, mio npu

k > K BUKOHYE€THCSI HEPIBHICTD

|xnk — a| < e. (1.15)

OCKIIbKH TPaHUIS X;, [T 10€ a, TO 3 Ge)bcsl TakKe 4nucio Ny (&), Mo mpu
'S
'S

n > n,(€) BUKOHYETHCS H (1.2).

00 6) ny(e \ pu k‘\K6yz[eM0 M
Ny, > Nk 1, BIAIO @nk >n % € O3Haga Ui N &e BHKOHY&
HEPiBHICTh(1 %TO Hepié(l Ske 0 rpaé)cninorm i(1.14)
JIOPIBHIOE @ c.114] \ @

3ayBaxxuMo, WIICKH JKEHHS 3MICTY HE Mae. @
Teopem A1 0J1 -Beiiepur a). 3 Jb3AKOT  OOMEKCHOT
IIOCJI1 JOBHQET Ha BI/II[i% DKHY TI1 iTOBHI

Bubepemo uncn

JoBeneéfins. H 1 YUCI TOBHOCTH oOMekeHa, TOOTO BOHA
po3TailioBaHa B Memﬁcen @ < OJIITUMO TPOMIXKOK [a; D]
HaBILJI, TOA1 X04a O B OIHI1I JIOBUHII MICTHUTHCS HECKIHUEHHA MHOXKHMHA
€JIEMEHTIB J1aHO1 IOCHIA QGO, B 1& NaJIKy, i B yChOMY IPOMIXKKY [a; D]
[IUX €JIEMEHTIB MICTHIIOCS4) CKiHYE CJI0, 1110 He MOXJIMBO. Hexal 1 mpoMi>KOK
[a;; b1] Oyne Tiero 3 iioro mo , IKa MICTHTh CKiHYeHHY MHOXHHY urcen (1.1)

(a0, K110 0OU/BI MOJIQBHU aKT, TO — OyJb-sKa 3 HUX).

Amnaroriyso, 3 Ky [aq; b;] Bumimumo #oro mojoBuny [a,;b,], mpu
YMOBi, II0 B Hii MICTHUThCA HECKIHUEHHA MHOXMHa uncen {x,} 1 Tak maii.
[TpomoBxyroum IIel MpoIec 0 HECKIHYeHHOCTi, Ha k-iii cramii Horo BHIITUMO

HPOMIXOK [@y; by |, SIKM# TaKOX MICTHTh HECKIHUEHHY MHOKUHY ducen {x, }.
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Koxxauit 13 moOygoBaHUX MPOMIKKIB, MOYMHAIOYMU 3 JPYroro, MICTUTHCS B
HOTNIepPEeTHBOMY, IO CKJIaJae Horo monoBuHy. Kpim Toro, noBxuHa k-To MpOMIXKKY,
piBHa b, — a; = bz;ka npsIMye 710 HyJIs 31 3pocTaHHsM k. 3acTocyemo TeopeMy Kantopa
PO BKJIAJICHI BIIPI3KH, OTPUMAEMO, IO Ay 1 by MPSAMYIOTH 10 CIIUIBHOI TPAHULII C.

Jaini nobyayemMo miAnociI0BHOCTI {xnk} B sKoCTi X, Bi3bMEMO Oy/b-sIKuUii 3
eJICMEHTIB TIOCTIZIOBHOCTI {X,,} (HaNpHKIIaa, NepIinii), SKUi MICTUThCS HA TIPOMIXKKY
[a;;b;] ¥V sxocti X, BisbMeMO Oyab-skuMil 3 elNeMEHTIB MocHigoBHOCTI {x,}
(HampuKIa, MepImii), Kl CJIiI[YIOTB 38 Xp, 1 Mj w[ B MPOMIKKY [ay; b,], 1 Tak

nani. 3arajoMm, B SIKOCTI CJ'I a xnk 0 6yz[5-;11<1/n71 3 EJEMEHTIB X,

(HampuKJIIa, TEPIIuii), myv 1111e Bnmﬁewm Xy, 1,xnz, s Xy W
MICTHTBCS Ha IIp [ay; b JIUBICT. ro no oro BH @
, 910 KOXK i
.

00YMOBITIOETHCL T ICTUTB @IH‘-IGHHY MHO
quCcen X, @v’ UTh € HOMEPE .

ajl, Tak SK e S é ¢, TO eMOIO 14
l!l_)ﬂ;) Xp, = C.[2 & .

Ymo eHOCT OBHOCTI Ba OCKJ ICHYIOTb HEOOMEKEHI
MOCJIIIOBHOCTY, 13 4 >1<Ha ODKHY @ 110BHICTh. [IpoTe 3B1aCH
HE CIiaye, IO Tln® noci MOXHa BHJUIATHA 301KHY
HiAMOCTIT0BHICT. Po3risiHe UKITafli

[TocmimoBHICTE X 010, TPOTE 3 HEl MOXKHA BHUILIUTH
30DKHY JI0 JI€SKOi TPaHUIMITIOCII @ Jns mporo HEOOX1AHO HAJATH N TUIBKH
HEMAapHUX 3Ha4YeHb. [3, ¢.106]

.

1.3. Tononoriq&uxiu J10 BBE/ICHHSI IOHATTHA IPAaHULI YUCJIOBOI

MOCJIiIOBHOCTI

VY 1bomMy MyHKTI MM OyJIeMO JOCIIKYBATH TPAHUII0 YUCIOBOI MOCTIJOBHOCTI

Ta 1 BAACTUBOCTI B METPUYHHUX MPOCTOPAX, & TAKOK YMOBH 301kHOCTI. OCHOBHY yBary
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OyJe MpHUIIJIEHO BUKOHAHHIO KJIACUYHUX TEOPEM Y METPUYHOMY IIPOCTOpPI, a caMe
kputepiro Komri.

Binomo, 1110 HailBaIMBIIIOO OTIEPAIIIEI0 MATEMATHYHOTO aHAJII3Y € TPAHUYHUN
nepexia. Y il OCHOBI JIEKUTH TOW (PAKT, 110 HA YMCIIOBIM MPsAMiiA BU3HAUEHO BiJCTaHb
BiJl OAHIET TOYKM MO 1HINOI. Y3araJbHIOIOUW YSIBIEHHS MPO AIMCHI YHCIa, K PO
MHOXHHY, Ha SIKIi BBEJCHO BIJICTAaHb MIX €JIEMEHTAMH, MPUXOAUMO 1O TOHSITTS
METPUYHOTO TIPOCTOPY, SIK€ € OJHUM 13 HAWBaXJIMBIIINX TOHATH CY4acHOI
MarteMatuki. [ 14, ¢.48] Tomy mouHemo 3 po3riisaay Q3HQUEHHSI METPUYHOTO IIPOCTOPY.

JloBUIbHA MHOKHMHA M Ha3UBAa€THCS Me'rp@ MPOCTOPOM, SIKIIO NSl Oyb-

IKUX JBOX E€JIEMEHTIB X i MHO BU3HAYCHE HEB1JI €MHE JiHCHE
grcio p(x,y), aKe Ha3 Bizet DK 17 p \eMeHTaMI/I il 3a70BOJIbH
HACTYITHUM aKCiOM@ 6 &\ ?b'
% 0 12& y i pG,y) =0 npu Qy
a2, O

,X) (axei CUMeTPiL

< p(x y, Z) (akc1OmMd TPHUKYTHHKA).

.
p(x,y eMo Hw emn@ cieMe PUYHOTO TPOCTOPY
M

OynemMo 1HKO UBAT.

u usor@)cmpy.
Hafz’mpocﬁmn@n 1 I/I‘-IHOI"O % y € MHOXXHHA €JIEMEHTIB

JOBUIBHOI MPUPOJU 3 METPUKQ
) ¢ y,
y) = 4. —
= y’
KWW HA3UBAIOTh MMPOETOPONMAL BaHUX TOYOK. [28, c.14]

HaBenemo 1Hmmii npu : MHOKHHA BIOPSAIKOBAHUX IPYH 3 N IIHCHUX YUCEI

L g
X = (Xq,Xg, e, Xp) 3 M%

p(x,y) = z(yk — X%,
k=1
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SIKHI HA3WBAETHCS N — BUMIPHUM apH(PMETUIHUM €BKIIIZJOBUM IPOCTOPOM R™.
JloBeneMo, M0 TaHU#M MPOCTIP € METPUYHUM MPOCTOPOM. JIJis IIbOTO MOKAXKEMO, 110
BUKOHYIOThCS akciomu 1) - 3).

Jis R™ akcioMH HEBiJ’€MHOCTI Ta CHMETpil BUKOHYIOTHCS 1 II€ OYEBHJIHO.
JloBeieMo BUKOHAHHSA, aKCIOMHU TPUKYTHHKA.

Hexaii x = (x4, ..., %),V = V1, 0, ¥n) 1 z=1(24,...,2,), TOAI akcioma

TPUKYTHUKA HaOy€ BUTIISIY

n n n

Z(Zk — X)? Z()’k - x,@ (Zk — yi)?.

k=1 k=1 k=1

.
[Tokmanemo y;, — % Zk J &k, TO1 %( = ay e+ by, a HEPIBHIC
TPUKYTHUKA MaTH i 6 \ %

Hepl

Ay
=1
HiiicHo, B CHH}%
n

3BiICH HEPIBHICTH 3 M1OBEACHO.
Otxe, R™ € meTpuuHIM TIpocTOpoM. [14, ¢.49]
Jlani po3risiHeMO MHOXKHHY BCIX OOMEXEHHMX HECKIHYEHHHMX IOCIHIIOBHOCTEN

mificaux gucen X = (X1, X3, ..., Xp, ... ). IIOKIAZEMO
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p(x,y) = sgplyk — Xl

OTPUMAEMO METPUYHUH MPOCTIP 1 HO3HAYUMO HOTO0 uepe3 m. Y 1bOMY MPOCTOPi
CIIpaBeUIMBICTh akcioM 1) — 3) oueBuaHA.

OT1xe, METpUYHUHN TIPOCTIp M OyIeMO Ha3UBATH MPOCTOPOM BCIX OOMEKEHUX
MOCIAOBHOCTEH AificHuX yucen. [14, c.51]

[ToHsATTS BiACTaH1 JO3BOJISIE y3araJbHUTH TOHATTA 30DKHOT 4YHUCIOBOI
MIOCJTITOBHOCTI Ha BUTIAJIOK TIOCIIJOBHOCTI TOYOK JIOBUTBHOTO METPUYHOTO MPOCTOPY.

Haragaemo o3Ha4yeHHS CKiHYCHHOL rpaH JIOBOI HOCTIIOBHOCTI {x,}:

n—-oo

lim x,, = x Toxi i TinbKK TOMI 0 ISt Ve@ ye HOMeEp Ny (&) Takuid, 10 IS

vn > ny(e) BI/IKOHyeTBCH HICTB |X

V3araasHHUMO paH JIOBOI n BHOC WMAJI0K, KO@
YJICHU IIl€i TI0C OCTI MH [ @'0 (1)11{ &0 M€Tp®3
TIPOCTOPY. % @ é O 00

) - 110 ICTh TO%?TPI/I‘{HOF CTopy M. i, TOBOPSITH,
10 I ITOCJITOBHIETH 1DKHOIO KA X ﬂk@J 6ym,- SIK 3aBr'OJHO

MaJioro H&HGpG@ElHOFO &> HOME

TaKI/II/I O0KHMI OK1JI TOUKH X

MICTHTB BC noc1igoBHoST! {xn} n> no( TOYKY X HA3WUBAIOTh

TPAHULIEIO 110 momm
[HIIMIME crtoBaM¥F TIOCIT

M € 301>KHOIO J10 TOYKH X IIL IPOCTO]

>

DR % , X, --» METPUYHOTO TIPOCTOPY

: n lim p(x,,x) = 0.[30, c.32]
n—oo

Hagenemo npukia oMy 0, 1110 03HAYa€ 301KHICTh HOCII1JOBHOCTI

B MeTpHuHOMY mpoctopi. Hex

npoctopi R™, Tax 1o BiHCT%
.

dopmyoro \\

pGy) = | Go—yi)?
k=1

YHUI npocTip M NeXuTh B N-BUMIPHOMY

oukaMu X = (X1, ..., X,) 1y = (¥4, ..., V) 3a71aHA
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. . . . n n n
[ToxaxkeMo, 1110 03HAYa€ 301)KHICTH IMTOCTIIOBHOCTI X,, = ( f ) é ), x,(l ), )

npun = 1,2, ... 10 Touku X = (Xq, ..., Xy, ). OCKiTbKH

n

pr ) = | (1—x),

k=1
t0 p(x, Xx,) = 0 Iprn — 00 TOAI i TUTBKK TO/1, KOJIHM BC1 YHUCIIOBI MOCIITOBHOCTI
n n n
f ) g ), ,x,g ) (n=1,2,...) 306iraloTbCs BIANOBIZHO A0 TPAHUIb X7, Xy ..., Xp.

KopoTko Mo0xkHO cq)opMyJHOBaTH Tak: 301KH C) R™ € 30DKHICTIO IO BCIX

koopauHatax. [30, c.33]

3 O3HAYEHHS FpaHVQCIIII[jH @ﬂpl@{\y HpOCTOpl BUILTUBAIOTH

HaCTyrIHl TCOPCMU.

Teopema 1 KHA TI AHICTB i@pl M, p 61HBHIG®'1'
TPaHUII]. @ 00
oBe Ka noc@ucn {x,b TEeSIKOMY

METPUYHOMY npoc ,P) Mae ¢ OJHIET @I/IHI Tomi OMY TIPOCTOpI
ICHYIOTh TO‘—IK 1 xz TaKi, <;§;>«1 * Xy n &> X, Ipu N — 0.
BpaxoByto 10My \%p(xl, Xn,X3) Wi YneN.
3Bimcu, Bpax . xl) —> ,X2) > 0 mpu n — oo
MaeMo, IO p(xl,xz) 2) LKI/I X1 # X, TO OTPUMAEMO
npotupivust. [8, ¢.10]

Teopema 1.14. SIxn nJ € 301KHOIO JI0 JESKO1 TOYKH X, TO 1
OyIb-sKa ii MAMoCIiI0BHICTh {x HOIO JI0 II1€1 TOYKH.

JloBe/eHHs. Heigaﬁ X)—>0 mpn n-oo, 10 p(xy,x), K
T ATTOCITI IOBHICTh 301K N%m YKMCIIOBOI MOCIIAOBHOCTI P(X,, X) € 3013KHOI0 10
Hyns. OTKe, X,, = X Ipu 1 — . [7, ¢.108]
PosristHeMo JieMy, sika 3HaZ00UTHCS B TIOAAIBIIOMY IS JIOBEICHHS TEOPEM.
Jlema 3.1. Jlns Oynp-SKUX TOYOK X,Y,Z,U 3 NPOCTOpy M BHUKOHYETHCA
uepiBHicTh |p(x,y) — p(z,w)| < p(x,2) + p(y, u).

JloBenenHsi. 3a aKCiIOMOIO TPUKYTHHKA MAEMO:
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p(x,y) < p(x,2) + p(y,2) < p(x,2) + p(z,u) + p(y,w,
3BiJIKH
p(x,y) —p(z,u) < p(x,2) + p(y,w).
[ToMiHABIIM MICISIMU X 1 Z, Y 1 U, OTPUMAEMO
p(x,y) —p(z,u) < p(x,2) + p(y,w).
Orxe, [p(x,y) — p(z,w)| < p(x,2) + p(y,u). [7, c.108]
Teopema 1.15. SIxmo x, 2> x 1y, @y OpU n — © y METPUYHOMY MPOCTOP1
(M, p), T0 p(xy, yn) = p(x,y) mpun — o, \O
aeMO O
<p p(ymy)*Oannﬁoo
)npe) . [7,c.1

CTOpl B N-BHUMI GBKJ'II HpOCT(@@

MOJKHA 03H ﬂfl TTS Kzl TQq JSTHEMO o STTSL.
4Ka HOTO 11 \oy M, a JaTHe Ji UCJIO.
H

(x,a) <r

JloBeneHHs. 3a JeMor0 3

|,0 (xn' Yn) Y
Otxe, p(Xp, Yn)

MHOX1HA TOUOK X 6 OBO

epiBi x a)
HA3MUBAETHCS KY. & a i paz[ 1 mo3HavyaeTsCs S(a,r).
£-0KO KU @ y M H ch Ky@ 3 HEHTPOM Yy TOUILI

a i pagiycomyg > 0. [7

Teopema 1. 1 y METPUYHOMY TIPOCTOPI
(M, p), T0 BOHa € 06Me>1<eHo

JoBenenns. Sk an p(x,,x) = 0 npu n = oo i, OTKeE,
p(x,,x) <C, neC - n1n&?gam

Axmo x — noBUIbHUN (QIRGOBAHUIN eJIeMeHT npoctopy M, TO 3a aKCiOMOIO

TPUKYTHUKA [ 6yz[b->morﬂ} MO:
p(sn‘(\_ p(xn,x) + p(x,x) < C+p(x,x) =K

Otxe, BCI TOUKH X, IPH N — 00 MICTAThCA B Ky S(x, K).
PosrnsnemMo ymoBH 301KHOCTI YHCIOBHX TIOCHIIOBHOCTEH Y METPUUYHOMY

npocTopi. Mu Bxke AOCHTIIUIN METPUUHUNA MTPOCTIP M 3 METPUKOIO

p(x,y) = suplx, — yul,

nenN
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SKAA € TPOCTOPOM BCIX OOMEXEHUX IOCTIJOBHOCTEH MIHCHUX uucesnl Tomy
pO3rJIsIHEMO 30DKHICTH y mpoctopi R™ ¥ mOKaKeMO, IO BOHA PIiBHOCHJIbHA

MOKOOPAMHATHIN 301KHOCTI.
Hexaii x™ = { f") g"), oy x )} TOCIIiIOBHICTH TOUOK IpocTopy R™, sika

30iraeTbest 10 X = (X1, X3, ..., X, ) IpE N — o0 Tipoctopy R™. To6TO
1

m : 2
p(x("),x) — <Z (x(n) . xk) ) ,
TO1 p(x(”),x) - 0npun - KlJ'IBKI/I p x( 2 | () _ xk nen = 1w

Oynap-sikoro k € [1 m TUTST V e1,m. [8 c.10; 9, c.27]

OTtxe, Mae M

Teopem Tepiii U$ﬂ0c ocTiyn &1 R™). ﬂ&
11100 nocr@ {xn@ HpOCTO 6y fo 1o
X1, R™ &4 BHa Oyna
T06To Xy np mm Vkel,m.

TOYKH X = X2,

IOKOOPAWMHATHO
[9, ¢.24-25]

Jlis o piB R YEThCSA PMa BOJ‘I Heplirpacca.

Teopema 1.18 %0 -Beid ca). KoxxHa oOmexeHa y
npoctopi R™ mociioBHICTh & y IpOCTOP1 MIAMOCTIAOBHICTD.

JoBenennsi. Posr nomn jiueHHy OOMeXeHy MHOXuHy E 3
npoctopy R™.Y Hiil ickfe 3uuc e HIJIMHO)KI/IHa E; Cc E, enemeHTH SKO1

YTBOPIOIOTH MTOCIIIOBHICTH {X;, 0 pHo PI3HUMH YJICHAMU

Xy = {xin) gn)’ @ 03ymino, mo {x,} — oOMeKeHa IMOCIIiOBHICTh, a

TOMY JJISI €JIEMEHTA a4 = , ...,0) 3 mpoctopy R™ icuye r > 0 Take, 1110

2 2
p(x,,a) = \/ZZLl |x,£n) — O| = \/Z}c’;l |x,£")| <rmpsmVneN.
3Biacu BUIUIMBAE, MO Uil (pikcoBaHOTO Kk € 1, BUKOHYETHCS HEPIBHICTH

| )| <r msaVne N, ToOTO 4YHCIOBAa IOCIIIOBHICTH {x,(cn)} € OOMEXEHOW Y
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npoctopi R! nna Vk e 1,m. Ockinbku, KoxkHa OOMEKEHAa MOCIiJOBHICTh Ma€e

(1)
IPaHMINIO, TO, ICHYE {xl( ' )} 301KHa JI0 @4 MIAMOCTIAOBHICTh OCTIAOBHOCTI { (n )}.

(ni?)

) } - 30kHA 10 @, IMIJAMOCTIIOBHICTh IOCIITOBHOCTI

Tak camo0 ICHYIOTb: {x

), (0) (o)
n; n; . . . . . . n; .
X, , 1%, - 36DKHA 10 (3 MANOCTIAOBHICTH IOCTIZOBHOCTI {X i

)

(k-1)
h - 30DKHA J10 @, MIANOCIIIOBHIC CJIi,Z[OBHOCTi {x( ' )} VIS

e O QO. ( om)

Bpaxosyroun, 111 OBea)

OBHICT } € $11AIOCIIITOBHICT ?
(m)
nocnmomocn% & , , npn i - o0
Vk e l, m@ 3a K M 301KHO \ocnmo@ IPOCT Ma€eMo:
X (m) € E nusa Vi ta Q

B3araini, {x

i

(m)
X (m) 1, Ay, .. a Hpﬂl_)oo
n \§.? <m>
pUIoOMy IJid cix (m) * a, OCK1JIbKH BOHU

eIH HQ
nomapHo pisHi. [9, ¢.34-35] 6

BuHnkae nuranug & bCS Y JOBUIBHOMY METPUYHOMY

npoctopi kputepiii Kori HOCTI.

Brenemo nonsarts ¢pyHaa 01 MOCJIIJIOBHOCTI B METPUYHOMY MPOCTOPI.

[MocninoBHICTH {xnm K MerpuyHoro mpoctopy (M,p) Ha3uBa€eThCs

byHIaMEHTAIBHOIO, 5 K&

p(%p, X)) < € mua Bcix n > ng(e) im > ny(e). [13,¢.70]

oBimeHOTO € > 0 icHye HOMeEp ny(€) € N, Takwuii 110

[Mo-immomy, lim p(x,,x,,) = 0.
n,m—oo

Hanpuxnan, Oyap-ska 301KHa MOCIIIOBHICTh € (yHAaMEHTAIBHOIO.

JliiicHO, 32 HEPIBHICTIO TPUKYTHHUKA, MAEMO:
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P (X, X)) < p (X, X) + p(X, X)),
1 AKII0 X, — X, TO MpaBa YaCTUHA HEPIBHOCTI MPU M —> 00 1 N — 00 CTA€ MEHIIOIO
Oy/JIb-SIKOTO Hamepe/ 3a4aHoTO £.

Sxmo M — nilicHa npsMa, TO MOHATTS (PyHIaMEHTaIbHOI MOCIIJOBHOCTI TOYOK
CIIBMAJIa€ 3 KJIACHYHUM MOHATTSAM (PYHJIaMEHTaJIbHOI YMCIOBOI MOCIIIOBHOCTI. B
Teopii MIMCHUX 4YHCeNl BHUKOHYeTbcs kputepid Komr, B cuiny sgxoro Oyab-ska
dbyHIaMeHTaIbHA YUCIIOBA MOCTIIOBHICTH € 3015KHOIO.

Kpurepiit Ko BUKOHY€eTbCSI HE JIJ1s1 BCIX M€ WX MPOCTOPIB.

Posrisaemo inTepBan (0;1), sxkuit € Mefpu4HYIM MPOCTOPOM 31 3BUYANHOIO

METPHUKOIO YHCIIOBOI oci. I1 ICTB » QUEBHJIHO € byHIaMEHTATEHOIO

B IIbOMY MeTpI/I‘{HOMy@ 1, aJ'I p036 3Bmcﬁxmmaae mc%
METPUYHOMY IIPO @); 1) xp 1111 H €TbCS @
Pozpgfife TaJabHI

3¢ SIKUI 3B 1K Gyl ammc%@mcno EHICTIO
IIOCJI1TOBHOCTI. &
B %130 TIO 1 y@enram,m IO ‘.

Sk x, p(x , 0 Pp(Xp, Xpm) <
p (X, X) + xn) 2 nmn .
OT1xe, KO)KHA 3 Ha I10 Th @ (M, p) € pyHaaMEHTAILHOIO Y
IOMY MPOCTOPI. O
2. 38’513 €XKEHO JTaMEHTAIBHOCTI.
Hexaii {x,,} — pynmament JTOBHICTB Yy METpUIHOMY nipoctopi (M, p),

Tomi s unciaa € = 1 icHye ny(1) Takwmii, mo maas Oyap-sIKUX M = n = N,

BUKOHYETBCS HepiBHI%% ' Xm) < 1. BizeMemo nOBUTBHY TOUKy a €M i

no3HaunMo H; = max a). Toai nast Vn € N BUKOHYEThCS
1<n<sn

Hy, akmon < ny,

p(xn,a) < {

p(xn, xno) + p(xno, a) <1+ Hy,aKio n > ng.
Orxe, Va € M icuye H = H; + 1 Ttake, mo p(x,,a) < H qisa Vn e N, To6To

HOCITIIOBHICTB {X,,} € 00OMeKeHO0, KO BOHA (yHIaMEHTaIbHA.
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3. 3B’130K pyHIAMEHTAILHOCTI i 301KHOCTI.
[Mpunyctumo, 1m0 ¢yHAaMEHTaIbHA MOCTIIOBHICT {Xx,} Mae 30ikKHY

1IMTOCITI IOBHICTh {xnk}: llim Xn, = x. Toni asa Ve > 0 icnye HoMep ng(€) Takui,
—00
. . & &

1110 BUKOHYETHCS HEPIBHICTD P (X, Xpy) < S KoM 21 = ng, a p(xnk, a) < 5> Komn
Ny = Ng.

BpaxoByrouu 1€, 71 KOKHOTO M = ng(€) 3HaiigemMo ny, = n, i Bi3bMeMO

& &

p(xn, a) < p(xp, xnk) + p(xnk, a) < Sto=emmvn 2 ny(€), To6T0 p(X,, @) = 0

npun — oo, abo lim x, = x. C’O
n—-oo
by, Qram,

Omxe, SAKIIO @IIHOBBICTB {x,} wmae 306ixHy

M1 AIOCIIi JOBHICTE {xnk }es ocm):[
K q)ymu% BHOCTI Ta HOCTI Q
&*0BH1CTL YKH X I/I‘—IHO 0CTOpi
(M, p), p Xp F X a sz[aMe y IIBO 0p1 a

TaKOXK y IpocTopi ( ne M; =

SIkmo 1 CRATI, 111 € 36i>1< nocnm CTI‘) Yy METPUYHOMY
poctopi ( dGTO ic W(xn, pI/I n — o, 10 {x,} €
301’KHOO TTOCIATIOBHIC O‘-IKI/I X CTopi TKe, y mpoctopi (M, p)
lim x, =x #x; = @ HUBO 3a 1CTIO €IMHOCT1 TPAHMUIIL.

n—-oo
[Ipuxoaumo 10 BUCHO N@
Teopema 1.19.

1. Koxna § 30ix HpOCTOpl (M,p) moOCHiIOBHICTE €
(byHIaMEHTaIbHOIO Y Lb OCTOpI, aJIe HEe HaBIaKU.

2. Ko €HTaJIbHA MOCJIJOBHICTh € 0OMEKEHOIO.

3. OyHaaMeHTabHa TOCTIAOBHICTh € 301KHOI0, SKIIO BOHA Mae

301KHY MiAMOCIIIOBHICTb.

4.  Sxmo lim x,, = x y npoctopi (M, p), npudomy x,, # x uis Vn, a
n—oo

M; = M\{x}, To mocmigoBuictb {x,} € GdyHIAMEHTAIBHOIO, aJye

po36ixHOI0, ¥ poctopi (M4, p). [9, ¢.58-59; 21, c123-124]
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3ayBakMo, 110 B METPUYHHUX MpocTopax KputTepiil Ko BUKOHYeTbCsS TOAI 1
TIIBKY TOJ, KOJIM METPUYHHM MIPOCTIP € TOBHUM.

BBenemo 03HaueHHS MOBHOTH O3HAYEHHS] TOBHOTH METPUYHOTO MPOCTOPY.

Merpuunuii  npoctip (M,p) Ha3UBA€THCS TOBHHMM, SKIIO JIOBLIbHA
dbyHIaMEHTaIbHA TOCTIOBHICTh HWOTO TOYOK 30Ira€TbCs 10 JIEIKOI TOYKHU
npocropy(M, p). [13, ¢.70]

[TepeBipMMO IIOBHOTY METPHYHOTO IIPOCTOPY R™ 3 METPHKOIO
(o) 2. <xk€9;
Hexaii x,, = (xf'@ xkﬂm JTAMEH Hocm CTB OCKIJI

AR A b‘” S°
TO ‘H/ICJIOBQIII[O Q % , e VQ\ HKOM HOMy k e
o

(bsz[aMeHTaJILHo 10 11 o HICTIO 1@ KY FpaHI/I . Uncna
Po3sring OBHOTy m.

SIkmmo 1JOBHI

pocTopi m, To 11@
BMKOHY€ETHCS HepiBHIiCTH p(x Sup @xk )| <=
3BiacH BHHHHB&E% @ )| <3, Koqmu mz=nz= no(e),

TOOTO YKMCIIOBA MOCIIOBHICTE Xga € YyHIaMEHTAILHOIO y mpocTopi R ns xoxuOrO

, J1e xn JIbHOI0 Y METPUYHOMY

Mep n I/IH mo m=nz=ny(e) i

¢ikcoBanoro k € N. Touy@ lim ( ) = a, s Vk € N. OTxe, TOCTiAOBHICTD
{x,} € obmexeHOI0O, TO st Vb € m icHye nesike momaTHe uyucio H Take, 1o
p(x,,b) = sup |x,£n) — bk| <HnanaVneN.
keN
3BiJCH BUILUIMBAE, 110 |x,£n) — bk| <HmaVvnkeN.

Otxe, lim x,E bk| = | 11m x bk| = |ay, — by| < H maVk e N.

n—oo
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Tomy BBaxkaroun b, = 0 qus Vk € N, nictanemo |ay| < H qias Vk e N,

T06TO @ = {a,} € m.

x Igm) (n)

BpaxoByroun 1e, nepeliieMo y HepiBHOCTI <z 5 10 TpaHUIl TPU

m — 00, OTPUMAEMO |ak — X )l <=, upu n = ny(e) mia Vk € N.Tomy p(x,,a) =

& . .
sup x,E) — ak| < <e s vn 2 ny(€), T0OTO KOKHA MOCTIMOBHICTH {X,}, 1O €

keN

(byHIaMEHTAIBHOIO Y IPOCTOP1 M, € TAKOXK 301KHOI0 ¥ IIbOMY IPOCTOPI.

OTxe, MPOCTIP M € MOBHUM METPUUYHUM HpO@M. [9, c.62]

Hasenemo 1mie oaHy T€o 1o € a eopeMH 1po BKJIAAEHI BiIpi3ku
(reopemu Kanropa). Criou erHe HHC‘O\‘sHa“IeHHﬂ
Hexait (M, p) @p 3aMI< I(yJ'IeIO zuyca £>
IICHTPOM B TOYII Ha3HBaLg§ OKUH ={y @ : ;
c.69] %
@ (Hp AeHi KyJti TOTO, IO UYIHUY (M p)
OyB TIOBHUM, He b OyIb- CJI1IOBHICTh
BKJIQJICHUX OJTH pO)KHlI/I
HI/II/I an Bl, B,,B;, ... -

HOCJ'III[OBHIC BKJIa s pa,ulyc a X, UCHTp KYJ'II

B,,. [locnigoBHICTH 1T , CKibKU p(Xp, Xp) < T, TIPH

m>n,ar, - 0npun - oo ; 0 o ipoctip (M, p) noBHHIA, TO iCHYE
lim x,. [Toxmagemo x = )11171CH0 KyJist B,, MICTUTB BC1 TOUKH
n—-oco

TOCTiTOBHOCTI {X} }, 3a BURIIIOUE 0Xe OYTH, TOUOK X1, Xy, X3, «r) Xpy_1. 1aKHUM

YHUHOM, X € TOYKOIO TOTHUKY ]I oi kym B,,. Ockinbku B, 3aMKHyTa MHOXHHA, TO
X € B,, nis BCix n.
Hexaii {x,,} q)yH&eHTaana nocaimoBHiCT. JloBeaemMo, IO BOHA Mae

rpanuio. B cuiny (yHIaMeHTANIbHOCTI MU MOXEMO BHUOpAaTH TakKy TOYKY Xy,
. : 1 . .
nocaigoBHOCTI {X,}, mo p(xn, Xp, 1) <3 i Beix n = ny. Hpuiivemo Touky X, 3a

LIEHTP 3aMKHEHOI Ky pajiyca 1. [Tosnadnmo wio Ky By. ITotim Bubepemo X, 13
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{x,} Tak, mo6 6ymo n, > n, i p(xn, xnz) < > IS BCIX 1 > . [puiiMemo TouKky X,

: : 1 . :
3a LEHTp Kymi pajiyca - 1 MO3HAYMMO IO KyITiO B,. Bzaram, fKI0 TOYKH

X, Xnys ey Xp,, YK€ BUOpaHi (ny <my <o+ < My), TO BUOEPEMO TOUKY X, . TaK,

: 1 : :
o0 OyJo Ny q > Ny 1 p(xn, xnk+1) < iy MUIA BCIX M2 Myeyq 1 TOUKA Xy, Oyna

. . 1
LEHTPOM 3aMKHEHO1 Ky By, paaiyca v [IponoBxytouu 1110 MOOYJOBY, OTPUMAEMO

MOCJIIJIOBHICTh 3aMKHYTUX KYJIb B}, BKJIQJIEHUX OJIHA B OJIHY, IPUUOMY KyJsi Bj mae

=it HOCTIIOBHICTh KyJb Mae€, 3 @YHICHHSIM, CIIIBHY TOYKY;

HO3HAYMMOo ii x. BianosigHo, Ka xXe rp@ HOCJIII[OBHOCTI {xnk} AJie SIKIIo

dbyHIaMeHTaJIbHA TOC @L MiC
301raeTbes 10 Ti€l Qpaﬂuui. e, X = li: 4, c.69&]\ 0@
n—-oo

1.4. HO@T pii Ha oC \ CIOMQ HO- Be@
Onuum 13 u& 11X0 i: o6yz[o rpaHHuL AT TEOPEMU

0
LKHY A0 IIII'IOCJ'II,Z[OBHICTI) TO BOHaA

bonbrano- BeH acca . CameNg ;locnm H ’[5] i [12], B sxux
po3rIIsaeT :» jacuy e i TS rpa ‘II/ICJ‘IOBOI OBHOCTI, aje Teopema
bonpnano-Berepmr pI/I” aQ a1<c1 Yy TakoOro IMpHUITYLIEHHS
JIOBOJIATHCS TEOPEMH, 110 CTOCYE @ I/IX nocm)IOBHOCTeI‘/'I 1 JIHCHUX
gucen. Llelt miaxin, mu 6@0 po3ri JAaHOMY IIYHKTi, ajieé CIOYaTKy
PO3B’SHKEMO JIEKITTbKa 34, B ;13 X TIPUBOAMTH J10 HEOOX1THOCT1 BBEICHHS

IIOHATTAA FpaHI/IIll YHCJIOBOI HOCITI

JIBoM mIkossipam z[op BeCTH KaJieHIap 1Moroay. BoHu noBuHHI BiaMivaTH
IH1 3HaKamu " + " 1 111 morozi BianoBigae " + ",moraniit " —". Tlepumii
IIKOJISIp BYMHSB TaK: PO CHOCTepe)I(eHHH TPU pa3d Ha JIeHb — BPaHIli, BJACHB i

BBedepi. Akiio xoua O MiJ1 4ac OJTHOTO CIIOCTEPEKEHHS WIIIOB JOIIl, BiH CTABUB 3HAK
" — ", B IHIIUX BUIMAJKaX CTaBUB 3HaK " + ". J[pyruil mkossp poOuB CIOCTEPEIKEHHS B
TOM cammii 9ac, 1o i nepiuit. ko xoua O i 4ac 0JJHOTO CIIOCTEPEKESHHS JIOTITY HE

Oyso, BiH CTaBUB 3HAaK '+ ", B IHIIUX BHUMajakax ctaBuB ' — ". OT¥Ke, MOTO/1 MIOIHS
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BiMmoBimaB HaoOip 3makiB: "+ +", "+ =", "—4+", " — =" Uyu Bci HaboOpu 3HaKIB
MOKYTb 3yCTPITHCS MPHU AOCITIKEHH] 3MIHU TIOTOU?

Hexaii 3a nenp gomry He Oyio OJHOTO pasy, TO 0OHMABA MIKOJISIP1 MMOCTABIISIThH
3HaK " + ". O1xke, HaOIp 3HaKIB " + +" MoxJuBui. Toi, K10 BeCh JICHb HIIOB JOIIL,

TO O0OMJBa HIKOJISIPI MOCTABIATh 3HAK ' — ". OTxe, HAOIp 3HAKIB ' — —" MOXJIUBUH.

Sx1o > BpaHIli HIIOB 011, a B 0011 1 BBeUep1 A0ILy He Oys0, TO NEPIIUd TOCTABUTh
" —" agpyruit " + ". OTxe, HaOIp 3HAKIB " — +" MOKJIUBUH.

Posrnsnemo Habip 3HakiB " + —". Y gaHOM opl 3HaK " + " crosaTHMe Ha
MEPIIOMY MiCIIi TUTBKH TO1, KOJIJIONTY He OyIio B3agall, ajne ToAl i Ha IpyroMy MicIi

Mmae OyTu 3HaK " + ", 10 He 0. T(&@' 3HakiB " + —" He MOMKIMBUMA.

Otxe, HE BCl H Hakip/ 3yCTp" \npn JOCIIKEHH] 3Mi
HOTrOU JIBOMA mm& $ 6 &\ ?b.
Posr 3as1a4y npouec %imxemm@zm oep }"QB
peTii

b

TPU IIKOJSIPi, TOAI A0 TO HBOI 3 b J1OIAIOTHES CTYMHI :

HIKOJISIP POOUTH CIIOCEE HS B TQU 1 4ac, i\ JIB3 nepuzJ JIYU 3HAK

)¢ 1BO eXKEH onri" + " BEHINIMX BAMAIKaX.
L 2

SIKi 3 BOCBM iB 3Ha1Q" " -‘P %— , = Q ++" " =+-="

n n n n n * * *

—— 4" , % MaloTh @ pH 10 @m 3MIHH IIOTOIU?

n
— ", SKIIIO Xo4ua

Hexait mepim JISIp T' + ", e , IO JionTy He OyJio B3arasi.
Toni 1HII ABa TAKOX IOCTa +70 MaeMo Habip 3HakiB "+ + +".
k1o mepiuii TOCTaBUB 4 PETiTiy \ 3Ha4ae, U0 JION] UIIOB PIBHO OJIUH
pa3 i3 TpboX. Y 11bOMY BUTIQHKY IpyT Sp TIOBUHEH MTOCTaBUTH ' + ". 3aranbHuid
Ha0ip 3HAKIB HAOy/e BUTIISAY . SIk11o mepmumii 1 TpeTii moCcTaBIATh ' — ", 118

03HayYae, 110 J0LI HIIoB 8002 pasi3 TproX, a00 BCi pasu. B mepmomy Bunaaky apyrui
IITKOJISIp TTOCTaBUTH apyromy Bumanky " —". Toxi HaOip 3HaKkiB HaOyme
Burisany " — + — " abo " — — — ". OcKinbKK MU PO3TIISHYIN BCl MOKJIMBI BUIAIKH,
THIITUX OI[IHOK OyTH HE MOXE.

Otxe, 3 BOCbMH HA0OpiB 3HAKiB, MalOTh Miclie HacTymHi: "+ + + """ — + +

"’,, _ + _ n’ n__ l'. [5’ C_ls]
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PosrnsHeMo HacTymHy 3amady: 4u icHYe Take unciio C, mo IpH BCiX mummx k
BUKOHY€ETHCS HEPIBHICTh

k3 —-2k+1

)
| < C

JlocaiauMo TOBENIHKY BHpa3y B JIBIH YacTHHI HEPIBHOCTI MPHU BEIHKUX
3Ha4yeHHs k. O4eBUAHO, 110 B YHCETbHUKY OCHOBHMI YHCIIOBHI BHECOK BIIITPaE WiICH

k3, a B 3namennuky k*. MoskHa IpuITycKaTH, 10 NPH BEIMKUX 3HAYCHHAX k BUpa3

3

k4

: 1 .
Oyne nmpuOIU3HO PIBHUM = Ouinumo nox@ BHUpa3y MpH 3aMiHl JAHOTO

BUpa3y HOro HabJIMKEHUM 3H3®M, JUTSL 11 Q(OH&GMO MEPETBOPEHHS:

—Zk +;ﬂ3 (1J 2 k22+k13|
AN 1 ) |1 &T\ 0@'
@|1

Oé <1éz klaé\\\: 60
Tomyk\z @,ca 6Q

Th

Otxe, npu |k| = 2 Xlﬂﬂnﬁ%w He Ounpie 2. 3HalIEeMO, SKUX 3HAYE€Hb

) C ) 1
HaOyBae Bupa3 npu k = —1; 0; 1. Wi 3haueHHs piBHI BianoBigHO 1; 3 0.

Otxe, Iykane q@ye, HaNpUKIIaa, MOXHO B3siTh C = 2. [5, c.34]
|

Posrasemo npuk a IKOMY TTOKa)KeMO, IO JIJIsl JOBIILHOTO yKcia C icHye
HECKIHYCHHA MHOXKHMHA IIJTUX YUCeN K, Ul SKUX BUKOHYETHCS HACTYITHA HEPIBHICTH
k-sink > C?

Jlanuii BUpa3 € 10OyTKOM JIBOX urcen k 1 sin k, e mepiie 3 HUX MOKHa 00paTu

SIK 3aBTOJIHO BEJIMKUM. SIKIIO MPHU IbOMY JIpyTe YKCIIO HEe Oy/ae 3aHaITO MajiuM, TO 1
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Lo 1 :
BeCh J00yTOK Oynme BenwkuM umciioMm. Hexai sink > > TOIl MHOXHMHA TOYOK X,
. . . . T 5m
CKJIAJIA€THCS 13 HECKIHYEHHOTO YHCIIA IHTEPBANIB BUAY 27N + 2 <x< 2nn + - 1€

. . . 2T
n - 6y,Z[I>-5IKe OIS YUCJII0. I[OB)KI/IHa KOXXHOT'O IHTCpBAIy OOP1BHIOE ? HH JOBXHWHA

O1sIbIIIa 3a OJUHUIIIO, TOMY BCEPEUHI KOKHOTO 13 IMX 1HTEPBAIIB € X0ua O OJHE IIiJie
4yuclio. 3BIACH BUILUIMBAE, MO Al Oyab-skoro yucia C iCHye HECKIHUEHHO Oararto

qucen, I SkuxX Jo0yToK k - sink > C. HacnpaBai ajist Beix uucen k, sKi JexaThb B

. . T 51 . . . 1
1HTCPBAJl 2nn + -, 2nn + — , BUKOHYETBCs HERI Tb Sink > - TOMy, SKIITO
6 6 2

HaTypajdbHE YUCIIO K 6iJ’IBH_Ie, 2C, 1 ne ():epe)mm OJIHOTO 3 3a3HAYCHUX
1HTepBaMiB, k - sink > C, X chm& ILHO,,ﬁeCIqueHHo Oararo.

OTtxe, Mu po3r z:atn@ p;IMOB c 110 B eHHﬂ HOH?I
TPAHMII YUCIIOBO II[OBHO 3rnﬂHeMo®u< oc CTi X, ﬂe
BUKOHYIOUfl 110Gy o 1eit r eo6Me J§6Jm a Bes 110
oci abcruc SIMY€ CJIOB MC)I(GH I/I)I(aGTBC AIPSAMYER,
3pO3yMiJIi 10 TOTO MacyegtoKu I/II[C po Harn Hi JIaCTI/IBO@a(biKa. IIpore,

i aTI/I‘{H z[yMax I OQUACIICHHSX, TaKOTO

Tpi6 HO cdop TH, 1110 O3HAYAIOTH Il

pUBOI 0 0):(H0r®a AXKJIMBIIIMX MOHSTH, K1
BUKOPHUCTOBYIOTHCS B eMar SITTS ‘
Knacuune o3HaueHHS @4111 YHCIIQB

TOMY MM JiulIe 3p0OUMO R

Po3rnsiHeMo siKy BIA€THBIC 1Ka TIOCJIIIOBHOCTI {X,} BUpakae PiBHICThH

AI_I)TOIO X, = a. SIkuo po3risaa @ X = @, TO BOHA HAJI)KATUME CMY31 HTUPUHOIO

2¢. HepiBuicts |x,, — % ayae, 1o TO4YKu (N, X, ) 3HAXOAUTHCS BCEPEANHI 1€l
m

cmyrud. OTxke, SKIIO TOCMAOBHICTE {X,} mpsMmye o0 a, TO Maibke Bech Tpadik

MOCIIIJOBHOCTI JIEKHUTh BCEPEANHI BKa3aHOT CMYTH.
B o3Ha4yeHH1 rpaHulll YUCIIO € MOXKE OYTH OyAb-SIKUM, SIK 3aBI'OJTHO MaJIUM, TOMY

ONHMCaHa BJIACTUBICTH rpadika 30epiraerbcs sl OyIb-SKOi, SIK 3aBrOJHO BY3bKO1
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cmyru. [12, ¢.22] 3 ui€i BJIACTUBOCTI BUIUIMBAE HACTYNHE O3HAYEHHS TpaHUIII
MOCITiJOBHOCTI.

YucIio a Ha3UBAETHCS MPAHUIICIO TOCITIIOBHOCTI {X;, }, SIKIIO Maibke Bech rpadik
€1 MOCIIJOBHOCTI JICKUTH BCEPEINHI SIK 3aBTOJTHO BY3bKOi CMYTH, 1[0 MICTUTH MIPSIMY
x=a.[l12,c.22]

B teopii rpanuilb 1yxe BaXIMBOIO € OJIHA 3 BIACTUBOCTEH MIMCHUX YUCEN, SIKY
3a3BUYall MPUHAMAIOTh 3a akcioMy. BoHa BigoOpakae BIACTHBICTH «IIOBHOTH
CYyKymHOCT1 aiiicHuX yucen. OOpa3HO KaKydH, BQ paXaeTbCsd B TOMY, 11O Ha

1 «TIPOK». O

mrTpa yab-sika MOHOTOHHa OOMEXcHa
0 3
N O
Y xypci 3y JOBO , 110 &X«a bonb @
Beitepmpacca %BH& KO %3 TBGpI[)KG 6
@0 a qv% npsmi ya0Ba YeHHA HICTh
BKJIAJICHUX BIJIPi3K %ox hi§ éﬁcepennm
HOHepeI[HI)OFO 01 | BLIp Thb TIP OJIHY CIILJT quy
e THAC @MO&C&TM @wi HECKIHYEHHOT'O

>~ SesiKe JIMCHE YHUCIIO.

YHUCJIOBIM OCI HEMA€ «IIPOKOJIIBY

Akcioma bBoJabna

MOCJIIIOBHICTh M€ Tpa

JIECSITKOB 00y, 1 y Tako o0y BIITIQR
JloBenemo, mof3
Hexait {x,,} - MOHOTOH @ CTaI0 WOBHICTD, sSIKa OOMEXEHa 3BEPXY

gquciaom M. IlocTtaBumo BIJIHI

d cilinye TBEpIKEHHS 1.

y/M nesikuil BipI30K NOBXKHUHU M.
Bubepemo Ha nibomy Bij e ol 30K JIOBXKUHH X, ) 1 TAK Jaji, BCEPSAUHI
BiJIpi3Ka JOBXKUHU X, BIJKIIAJE OK JIOBXXHHH X;. OTpUMaeMO MOCIIiIOBHICTh
BKJIQJIEHUX Biapi3kiB. 3a iucc’ oJpIIaH0-BeliepmTpacca mocaigoBHICTh {X,, } Mae
TPAHULII0, HEXaW I T 1BHa a. A 1ie ¥ O3Haydae, MO KOXEH 3 BKIIAJICHUX
B1JIpI3KiB MICTUTh HA YUCJIOBINA MPSIMIM TOUKY @, KA € CIUIHHOIO JJIS IIUX BiAPI3KiB,
110 1 Tpeba OyJio JOBECTH.

3ayBa)XuMo, 110 SIKIIO OJHE 3 IIUX TBEPIPKEHb MPUMHATU 32 aKCiOMY, TO 1HILE
TBep/KEeHHS 1 akcioma bonbrano-Beiiepmitpacca cranyTh TeopeMamu, siKi MOXKHA

JIOBeCTH. |5, c.42]
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Axcioma boinbrano-Beliepiitpaca 3abe3rneuye TUIBKM ICHYBaHHSI TPaHMIN M
HIYOTO HE TOBOPUTH Mpo 11 BenuuuHy. [IpoTe, 1HKOIM AOCTATHRO 3HATH, IO TPAHULISA
1cHYy€, 00 ii 3HakTu. Po3risHemo npukia.

3HANTH TPAHUITIO TTOCITIIOBHOCTI

X1 = \/E, Xy =V 2\/7,3(:3 = |2 2\/7,

JIn1st 1aH01 HOCITiIOBHOCTI CHpaBeIInBa HACTYIIHA PIBHICTb X2, 1 = 2X,,.
SIKIIO MOCIIIOBHICTD {X,} Ma€ rpaHMIO @, TO JiBa YaCTHHA PIBHOCTI IPSIMY€
10 a?, a npasa — 10 2a. OTpUMaeMo piBHIiCTh a? Binku a = 0 abo a = 2.

OueBupno, o 0 He € ue}o HOC@B OCTl {xn} OTxe, KO TPAHUIT

ICHYy€, TO BOHA piBHA 2 ‘
s noBene yYBaH jigl B aeMo &( bonbe (@'
BeiiepmTpacca. 3 %TI/IB %meﬂ KHa I[OBeC o tipu 6ynb$
O
n+1 -
Tomy cnu:[o MOHO 06Me§%2 c.27- 2@&43-44]

’b@Q@
® &

N BUKOHYETLCA HCP1 H1C

s’\\/\/
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PO3/ILI 2

NMPAKTUYHUMN ACIIEKT 3ACTOCYBAHHSI TEOPIi TPAHUIIb
YUCJOBUX MNOCJAIIOBHOCTEM

2.1. Onepauisi rpaHUYHOrO Nepexoay npu GopMyJIIOBaHHI MaTeMATHYHHUX

IOHATH

Omnepartliss TpaHUYHOTO TEPEXOJly € OJIHIEI0 3 HaWBWKIUBINIUX Yy

MaTemMaTHuHOMY aHanizi. Ha ii ocHOBi OyayeTs wpanbﬂe Ta nudepeHIiaibHe
YK CIJICHHS, BBOASTHCS OHSTTS epBHoc 1 i Ho'l' CYMHU psfy, @ TAKOXK YaCTHHA
MOHSATH YCi€l Hemepeps aTel\:IBTM« i'1' rpaanHoro nepexo,uy
3BOJUTHCS 301KHICT JIII{OB o » 1 PAMIB; wxa Ta C
3015KHOCTI TIOCJII]T el ene pPMOB ocTopi (1) KII1OHaJ

Y uBomy 1 MH eMo 031 rpaHH TBC}I
Ha O3HAu€H aHUII 1301 OoCIIi Ti, a Ta ;1301( rp ‘II/ICJ‘IOBOI

HOCIIZJOBHOCTI 3 IL& iaJ'IBHI/Il\/@'I HHSIM 1 T@}O pAmIB. MO 3 IOHATTSA
HenepepBHOCTi®<u1'1' B TOYL Q
Bino @ 0 LII/ICJ'I ‘; ‘IaCTI/IHHQ KoM (pyHKI1i, TOMY

OBHI
JaMO BU3HAYGHHS YHKIII] yIO‘—II/ICB HSIM TPAHMII YUCIOBOI
MOCIIITIOBHOCTI. Po3ristemo @@Q y Ha JIeIKOMY MPOMIKKY X, 3a
BUKJIFOUEHHSM, MOXKE 6yTH MDKKY. BizbMeMo 3 mpomixkky X
HOCJIJOBHICTh TOUOK, B X BlI[ \
%,xn, ) (2.1)

sKa 30iraeTbes 10 Xo. 3Ha4e HKII{ B TOYKax II€] MOCIIAOBHOCTI YTBOPIOIOTh
Th

BIJIMIOBIIHY YHCJIOBY Hc@ iTh:
f(xl);f(xz); 'f(xn)' e (22)

10 BIIHOIICHHIO JIO SIKOT MM MOXXEMO CTaBUTH MUTAHHS MPO ICHYBAaHHSA 1 BEIUYHHY
rpanwuili. OCKIJTbKA Ha BUOIP YKCEI OCITIOBHOCTI (2.1) He HaKJIaeHO KOJHUX YMOB,
KpIM TOTO, TII0 BOHA 301ra€ThCs 10 ISIKOTO YUCIIA Xy, TO 11 MOKHA 00UpaTh Oyab-sIKUM

criocoboM. BinmnoBigHo, OymeMo OTpUMYBATH Pi3HI YHMCIOBI MOCTiTOBHOCTI (2.2).
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ko mocaigoBHOCTI (2.2), BIATOBITAIOTh OYAb-SKHM ITOCTIA0BHOCTSIM (2.1), 1 MarOTh

OJTHAKOBY TPAHHUITIO A, TO TOBOPATSH, o lim f(x) = A
n—-oo

Sxmo, xoua 0 1J1s1 0HIET 3 MocaioBHOCTEH (2.1), sika 30iraeThest 10 X HE ICHYE
rpanuili, a00 BOHa BIIMiHHA B1JI IHIIOI TPaHUIll TOCTIAOBHOCTI (2.2), TO TOBOPSATS, 110
byHskis f(x) B TOUL X TPAHUII HE MaE.

Jlamo cTpore o3HaueHHs rpaHuill QyHKIIIT, 0 TPYHTYEThCS HA TIOHSATTI TPAHMIIL
YHCIIOBOI MTOCIIIJOBHOCTI.

Yucno A Ha3uBaeThCs rpaHuLeto QyHKIT f 9IIi X, IKIIO A71s1 Oy Ab-SKOi
HOCJTIIOBHOCTI TO4OK (2.1) 13 mpeMiKKy X, B uX BiJI X, IKa 301ra€THCS 10 TOUKU
X, TIOCIiIOBHICTD Bi):[HOB' aqu )%1

c.107]

IToxaxxem KJai, s@ﬂm O3H Q}{ rpag \,Kml B&
JloBecTH 3 M rpa@ Q
%} — IOBI OCJIIIO, O‘IOK i X, = 3.

3a Teopemoro Hp& CTUYHI @ rpaHuIiM HCHOBH@CHmOBHOCTeﬁ,
MaeMOo: Q @ .
= li S?‘ =5-3=15.

OTxe, 6
11m xn)& —15+2 = —4.
Ockinbku  BUOIp HOCTI €TbCS JOBIIBHMM 4YHHOM, TO 3a

(2 2? 30iraerecs 10 yuciaa A.

O3HAYCHHSM TpaHuUIli QyHREA1 Ma€MO (x —5x+2)=-

Jlami po3risiHeMO HOHHT ¢ CpBHOCTl GbyHKIIIT B TOYII, SIKE CTUPAETHCS HA
O3HAYCHHS TPaHUII (py kit Touri. Hexait 3amano ¢ynkimito y = f(x), ska
HAJIC)KUTH JICTKOMY npo 1 Tquy X, IO HAJISKUTD ITLOMY TIPOMIXKKY.

SAxiio rpanuI QyHKIT B TOUI X, TOPIBHIOE 3HAUEHHIO (PYHKIIIT B 11 TOYIII,
To QyHKIIA Y = f(X) HA3UBAETHCA HETIEPEPBHOIO B TOUIIL Xy, TOOTO

lim £) = £(x0). 23)
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Omxe, sxio GyHkiis f(x) HenepepBHA 1 HEOOXiTHO 3HAWTH 11 FPAHUIIO TIPU
X — Xg, TO IOCTaTHBO y BUpa3 GyHKIIIT 3aMICTh X MIJCTABUTHU X Ta 3HAUTHU BIAMOBIAHI
3HaueHHs f(X,). Tenep BiAMOBIAHO 10 O3HAUCHHS IpaHMIli QYHKIIIT JaMO O3HAYCHHSI
HenepepBHOCTI (PyHKIIIT B TOUIll HA MOBI MTOCI1JJOBHOCTEHA.

®yukiis f(x) HemepepBHA B TOUI X, SKIIO s Oyb-SIKOI MOCIITOBHOCTI
(2.1), 301HOT 10 X, MOCTIAOBHICTH (2.2) 36iraeThes 10 f(xg). [Ipu mbomy x — X, 1
MOJKe MPUIUMATH 3HAYCHB X. [3, ¢.133-134]

Kopucrtytouncs 1aHuM O3HauUEHHSM, 10BECT PEPBHICTh QPYHKIIIT
flx) =x*+5x3—11x2 -2 pOMl)KKy(

Bubepemo 1 3adikc qu 0M1>1q<y (—o0; +00), i 3HaiigEeMO

rpaHuIio GyHKII B I_[l $ po @TH‘{HI i HaJ TPaHUIISA
YHUCJIOBUX nocmz[o Mae % 0%
2.
L 4

— 11x§
Ocki SHAYCHHIM
HENePepBHOCTI (1) , TOYKa X, —

JIOBLJILHA TOHKQ Ky (— , TO 5 HGHM@I@TB naHoi QyHKIIIT
B KOXKHIN T 3d1aHOTO y. \s 2
Hocaig@mo 3a

UCJIOBO] OBHOCTI TpU PO3TIIAII
CTEIEHs 3 pallioHal I1 'n@yeMo Ha MNpUKIafl OJHIET 13
BJIACTUBOCTEH 1ppallioHalIbH T T ro 1ppallioHaILHOTO YKciia U ICHY€E

3pocTaroya MoCIiOBHIC HaJ'IBHI/I& 1 T2y weey Ty -oe » SIKQ 301TAETHCS JTO U.

Hampukmnaz, sxmo pe3risH € YMCJIO W, IO TPEACTABIICHO Y BUTIISII
HECKIHYEHHOTO0 Jpo0ly, 13 I CTUHOIO PIBHOIO Kk 1 IECITKOBUMHU 3HAKaMH Cj,
TOOTO U = k, C1Cy ... Cpy ¥ o TO Ha MIPHIi =k

, C1Cy un Cpy s pUHATU T;, = Kk, C1C5 ... €y, OTPUMAEMO
CTl

"+E+m+ T

Otxe, B IKOCTI 7;, BUCTYTIA€ JIECATKOBE HAOIMKEHHS JI0 [ 3 HEJJOCTauelo.
Jlema 2.1. Hexait a > 0 1 yu — nesike ippauioHanbHe yucio. Toai s Oyab-sikoi

MOCTIJOBHOCTI palliOHATbHUX YHCEN, sIKa € 30DKHOK J0 [, TOCIIIOBHICTh

T

a't,...,a'™, ... 30iraeTbcs 10 OMHIET 1 TiET camoi rpaHuIli A.
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JloBenennst. SIkmoa = 1, 70 A = 1.

Posrasinemo Bumnanok, ko a > 1. Po3risiHeMo crodarky Jesky (ikcoBaHy
HECMaHY MOCTiAOBHICTh PAIOHATBHUX YUCEIT P1, P2, -, P, -+ , AKA € 301KHOO 10 U.
Toni

aPr < gP2 < ..o < gPr < - (2_4)

Bubepemo partioHanpHe 4uCIO T Take, mo 1 > . Tomi mis Oyab-iKoro n
BUKOHYETBCS HEPIBHICTh p,, < . 3BijcH ciiaye, mo aPr < a”, To0To MOCiIOBHICTD
(2.4) oOmexeHa 3Bepxy. 3a TEOPEMOIO MPO MOHQIO MOCJIIJIOBHICTh, BOHA Mae

TpaHuIio piBHY A, TOOTO 11 Pn = A. Tlpu (9/1 A >0, ockinmbku aPr >0 i

MOCJIIIOBHICTD (2.4) Hecn

Hami po3rJ1;IHeM‘| y no@cm par HI/IX qu%ﬂ @

sIKa 361raeCJ T 1 11 10 pn , 3BIIGK CIIYE,
110 lim a apn . n—Pn — 6
n—>0oo n—>00
3aIUIINIIOC SFQHYT , Kou

tomi b > 1 i/l —BW BIJICH,

Otxe, ¥u NOK 0 JUISt 01 1moc u @BHQCTI pAI[IOHATIBHUX YHCET
HOIO

71,1y, o , SIKa € T .4) 301racTbCa 40 OJHIET 1 Ti€l

camoi rpanwuiil. [3, ¢.162]

Takox omepariis T % HOT'O T1e KOPUCTOBYETHCS MPU PO3B’A3yBaHH1

3amay U epeHIiaTbHOTON, YHCIIE KpemMa B 3aJadl Npo BUIbHE NaiHHS

MaTepiaibHOI TOUKU, MU MEepeX@IMMO 10 TPaHUIll Y BUpa3l Al MUTTEBOI MIBUAKOCTI

3a YMOBH, III0 TIPOMIKO *a\%pﬁ 0.
K As
M

= limv, = lim —
At—>0 P T At—0 At

B 3anmaui nmpo noTHYHY A0 KPUBOi, BUKOPUCTOBYETHCS OMEpallis TPaHUYHOTO

nepexo.y MpHU 3HAXOIKEHH1 KyTOBOTO KoedilieHTY 3a yMOBH, 1110 Ax — 0.

¢ lim 2
ga= Aplcr—r}oﬂ
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3aaayi, 1110 HaBEACH1 BUIIE MPUBOJIATH JI0 MIOHATTS ITOX1AHOI, TPU BBEICH] IKOTO

BUKOPHCTOBYETbCA MaTE€MaTHYHA oOfepaliss OOYHCIEHHS TpaHHIll BiJIHOIICHHS
IPUPOCTY PYHKINT O MPUPOCTY apTryMEHTY

. Ay . f(xo +Ax)
lim —= lim —
Ax—0Ax  Ax-0 Ax

3HaXOXKEHHS 3aralIbHUX (HOPMYJ 1JIs1 OOUUCICHHS MOX1THUX ASSKUX (QYHKIIIHA

3IIUCHIOETHCS 32 JJOTIOMOTOIO OTeparlii IpaHUYHOTO TIEPEXOY.

Tak 175 3HAXOMKEHHs HoXigHo1 GyHKHil f(x) = /X, BUKOPHCTOBYIOTH BHpa3
f ( ) 1 9 1
x) = lim =——.[27,c.249
f ( ) Ax—0 G—mﬁg 2\/; [ ]

A nns 3H21X0;[>1<€HH@LH013) XIHQ%I/IFOHOMCTPI/I‘IHO'I' byHKIil
f(x) =sinx H_IyKaIOT 10 Bl

@%

Hs1 HaCT

BI/Ip ) (b.
(,«gﬁe\ GQ 2

=a* (G 3Haxo Hpa3y
(an

11m — = a* ln e 264]
Ax—>0 A
Iepe J0 P 3B ;131<y 12950001 LII/I CJ'III[OBHOCTI 3 TEOPIEIO
PAMIB, OCKIIBKH BO )10 HHTT)IX H CTh 1 TPAHUIIS YUCIIOBOI

HOCJ'III[OBHOCTI
B TGOpll YUCJIOBUX !:

MaTCMaTHU4IHOI'O 3MICTy, ga OBYE€TbHCA onepaulﬂ I'PaHUYIHOI'O IICPCXOaY.

Hexait 3agano uu &
u1 +u2 + +un+"‘. (25)
3 4JIeHIB I[bOTO PSAJIYy MOXHA YTBOPUTH YaCTUHHI CyMH Sq, S5, ..., Sy, ... TAKI, 110

Sp=uy +u, +--+u, mpun = 1,2, ... Toxai roBopsats, mjo lim S,, = S.
n—->0o
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3ayBaXWMO, IO SKIIO ICHYE TpPaHUI S,, TO YUCIOBHH DS HA3HBAETHCS
301KHUM. SIKITO K TaKOi TpaHuIll HEe ICHYE, TO P Ha3UBAIOTh Po30ixkHUM. [4, ¢.30]

[IpoieMOHCTpYEMO Ha MPUKIIAJI T€OMETPUYHOI Mporpecii MOHATTS 301KHOCTI
YHUCJIOBOTO PSY.

n—1 n

Hexaii 3a1aH0 reoMeTpHUHy Hporpecito a, aq, aq?, ...,aq™ 1, aq", ...

Skmo |q| < 1, roni lim g™ = 0, 3BicU BUILUTHBAE, IO
n—-oo

a(l—q" a
S =1Ilim S, = lim ( )

n—oo n—oo vl
Sxmio |q| > 1, Toni 11m = 00 3BII[CI/I ae, 110

Tll’

AR SO
OcKiJbKH no i HaM 1 ' rpaH X He i%@
reOMeTme 15 € po@ 3@1 a € TlJ'IL m KO

Ipu4IoOMy
Maiixe BClT e0p11p ’s13aH1 3 Quepatiero rp 0 Iepexony.
30kpemMa, B T Heo6x1 OBa 3 I@Ti 4UCIOBOrQ, psly, IMOTPIOHO

3HAXOUTH CIIOB , pO3T.

Teopema 2.1. i (2.5) csi, TO l = 0.

JoBeaeHHst. SIKHO psi ( @AOBHwTL HOro YaCTHHHUX CyM
S, (n=1.2,..)i5,_; (n= oue ar0Th OJIHY 1 Ty JK CaMmy TPAaHUIO S

1poro psay. Tomy, BigMmi , 1110 %& Sn—1,n = 2,3, ..., MAEMO:
)

lim u, = (Sn = lim S, llm Sn ;1 =0.

n—oo n—oo

Orxe, lim u, = (l [ C:

n—-oo

Kpurepiit Kou& KHOCTI ~ MOCHIJOBHOCTEM  MOXe OyTH  JIErKO
nepedopMyTbOBaHUN CTOCOBHO PSAJIIB, @ TAKOXX 3 HHOT'O MOYKHA OTPUMATH HEOOX1THY
YMOBY 301’KHOCTI YHCIIOBOTO PSIAY.

Teopema 2.2 (kputepiii Komri). /[ns Toro, mo06 psm (2.5) OyB 301kKHHUM,

HEOOX1THO 1 TOCTaTHBO, MO0 17151 OYIb-SKOTO SIK 3aBTOHO MAJIOTO Hamepe 3aaH0ro
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€ > 0 icuyBaB HOMep Ny(&) Takwmii, mo it Vn e N,n = ny(e) i npu Oyap-akomy
oMy p = 0 BUKOHYBaIacsi HEPIBHICTh |un + Uy o+ un+p| <e.
Sxmo B3sitr p = 0, TO OTpUMaEMO HEOOX1THY YMOBY 301KHOCTI PSy.
[Toxaxemo Ha nmpukiaai 3actocyBaHHs kputepito Komi. Pozrnsaemo uncinoBuii

pAn

| 4obog +1+
23

1 JOBCAEMO, 1I1O0 e pan e p0361)KHI/IM

HiticHo, mys Oyas-sikoron = 1,2, . MaeM(y

1_n

1

+ _ — ==,

Up T Upyr + o+ Upp IQ nle on + - +2Tl on_ 2
TOOTO ISt OYIb-SKOT @4 % — 1 xkpuik }01111 wﬂyeﬂ)@

Orxe, naH € po301 oro H rapMo 1 paIoM
@ o3HaK Qqncn SITIB BCH T OQ”’GO})II
TpaHuIll YUCTOBOT noc CTl po3 z[esncl 3HaK. [l%
[Tounemo 3& lBHHHHSI J'I 170'¢ pﬂI[l UX TeopeMax
orneparis rpaH 0 Tepex COB 1/1 3Ha )1 1 YACTUHHUX CyM
YHUCIIOBOTO a TaI(O @1 Be,ue e>KeHoc J'III[OBHOCTI YaCTUHHHX

cym pﬂny 6
Teopema 2. 3 aii z[a 6

1 ;
«@ 2 v, 2.7)

MMpU4IOMYy YICHH HCleIO , IOYNHAIO4H 3 JCAKOI'O HE O11BI1I1 BlI[HOBlI[HI/IX YJICHIB

JpYyroro psny:
u, <v,, n=kk+1,.. (2.8)
Toni 13 361kHOCTI psAy (2.7) ciixye 301KHICTD pAxy (2.6), a 13 po301KHOCTI pALY

(2.6) crigye po30ixKHICTD pagy (2.7).
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JoBenennsi. O BIIKUIAHHS KIHIIEBOTO YHCJa WICHIB PsAIy HE BIUIMBAE Ha
301KHICTD PsTY, TOCTaTHRO JIOBECTH BUMaaok mpu k = 1. Hexait S;,S,,...,S5,, ... 1
0,,0,, ..., 0y, ... - TOCTITIOBHOCTI YaCTUHHUX CYM psfAiB (2.6) 1 (2.7) BianosigHo. 13 (2.8)
CHiye, 10

S, <6, n=12,... (2.9)

Hexaii psin (2.7) 30iraerscst 1 0 #oro cyma. I3 momatHux uneHiB psgy (2.7)

cainye, mo 6, < 6 npu Oyab-skomy n. Lle o3Hauae, 110 YacTUHHI cyMu psany (2.6) B

CYKyIHOCTI 0OMexeHi 1 ToMy psn (2.6) 301KHUM. aunuMo HMOro cymy uepes S.
[lepexonsuu B HepiBHOCTI (2.9) AQ TpaHMIIi, OTp lim S, < lim@,, = 6, To6TO
n—->0oo n—-oo

S<6.

Hexait Tenep ps % p03% Lle o3 10 nof aCTHHHI c
HEOOMEXKEHO 3P0 Ane TO% 1 Q{Hl @\ 0 3p0 a
YaCTKOBI € A(Z 7), siKi b 0351 ,c.51-5

Teo@A. Hex@o paau i (2.7), m MOX TH TakKi
yucna k > 01 K, 1 @lamqu %

& < v—: < (2.10)

Toni 2.6)1( @ acHoO

[HIIIIM CJ'IOB 110 1gH = K > 0, To psaau (2.6) i
(2.7) e ogHOUACHO 361>I(HI/IMI/I ai H

HoBenenns. I3 (2.1 WBae,

& Kv,. (2.11)

SAxmo psax (2.9) 30iraezsc JTiBO1 YacTWHM HepiBHOCTI (2.11) 3a
Teopemoro 2.3, OTPHUMYEMO ;‘{ﬁpﬂny kvy, kv,, ..., kv, ... . 3BiaCH, BUILUIUBAE
301KHICTB paxy (2.7). N

SAxmo psix (2.7) 36iraeTses, TO psaa Takox 30iraerbest Kvy, Kv,, ..., Kvy, ..., 1,

1.abo po

o psa (2.7) po30ixHUM, TO 1 psf (2.6) po301KHUIA.

BIJIMIOBITHO, 32 TEOpEeMOIO 2.3, Ha OCHOBI TIpaBoi yacTuHu HepiBHOCTI (2.11). OTxe, 13
301KHOCTI psay (2.6) ciiaye 30DKHICTD psany (2.7). [4, ¢.53-54]
Teopema 2.5. Sxmo mis nBox psamaiB (2.6) 1 (2.7) mounHAOYH 3 JIEIKOTO 1,

BUKOHY€ETHCS HEPIBHICTh
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i o T (2.12)

Up Up
TO 13 301KHOCTI psay (2.7) ciigye 301KHICTD psiay (2.6), a i3 po30iKHOCTI psaxy (2.6)
cimiye po30ikHIcTb psay (2.7).
JoBenenns. I3 HepiBHOCTI (2.12) MaeMo, 1110

Un+1 < u_n

Upn+1  Un

. u
MOYMHAIOUU 3 JIEIKOTO N = ny. lle o3Hauae, 1m0 BIIHOIICHHS v—”, ITIOYMHAIOYH 3
n

. . Ung
NEAKOTO M CKIANalTh CIAJHYy MOCIIIOBHICTD, Hexau v— =K i3 (212

no

o v— < aCTocyBaBmI/I Teopemy 2.4, Mu i
n

OTPUMAEMO, 10 OpU N =

JIOBOAMMO JaHy Teope

Ha ocHoBI T

“ OPMYITIO
301KHOCTI ;my paJ_Il YHOTO TEPEXOJY 3aCTO OB
JUTSL 3HAXOKEH ro psay CIICHHST 30LKH é
@ Sk : WHA4YH 3
+1

Teopema 2 6

u
I[O n BOTO, ;‘“,

n

HEPEBUILLY 0 qHCI 6T0
\£~ Q <1, 6 (2.13)
TO pan (2.5) € 361>I<HH @

[ HaBnaku, AKI10 11 @2 5) no 3 IGSIKOTO HOMEpa 1N BIJHOIICHHS

JCAKOI' 0 HOMep ome

(n + 1)-ro wiena g0 momn zle HEe MEHIIIE OJUHUIL, TOOTO

> 1, (2.14)

Un

TO psif (2.6) € po30iKH
X( . Ungt
[HmmMHu  cioBaMmy, O ICHye CKiHYeHHa TpaHunsg lim =1 abo

n—-o Up

HECKIHYEHHA IPaHuIls lim 2+t = , Tomi siko 0 < | < 1 — psan 301KHUH, B IHIIOMY
n—-oo n

BUMAAKY PO301KHUM.
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NoBenennsi. Hexaii Bukonyetbcss ymoBa (2.13). BisbmMemo B Teopemi 2.5 B
SKOCT1 JJOMIOMIKHOTO PsIy Vq + Uy + -+ + 1, + -+, 30DKHY T'€OMETPUUHY MPOTPECIIO

q+q*+--+q"+ .Y upomy Bunaaky HepisHicTh (2.13) Moxxe GyTH 3anMCcaHa TaK

n+1

Un+1 < q — Un+1

un B qn vn .

Lle # o3Hayae, 110 3a TeopeMoto 2.5 psia (2.5) € 301KHUM.
Hexaii Tenep Bukonyethcst yMoBa (2.14). BizbMeMo B TpeTiil 03Halll HOPIBHSIHHS

B SIKOCTI Uq + Uy + -+ + Uy + ++-, po30DKHMM psin 1 + 1 + -+~ + 1 + ---, 2 B IKOCTI pAY

v+ vy, + o+ v, + - pan (2.5), skuid nocmm@ IIbOMY BHUIIQJKy HEPIBHICTh
ipan (2.5) € po@w Tper
301KHUM; [ I] TO pﬂQ i .@-67]

@ BaHHS % nx T& eopii r S aucnosnx

nocJii ocren

(2.14) HaOyne BUTIISITY

Opniero 3 HaI/IBa>KJ'II/IBIIH @ ey HHB YHCIIOBUX MOCTII0BHOCTEN
€ teopema bonbuano B e acca OHHY 301KHY MOCHIAOBHICTb. Ls
T€OopeMa 3aCTOCOBYETHCS BG)I 3B ’SI3yBaHHS JOCUTh BEJIMKO1 KUIBKOCTI
3a/1a4.

Posrnsaemo nBa noz[m qiciia X 1 y mpudomy x > y. 3HaiieMo iX cepeaHe

.
apupMeTHUIHE 1 cepeaH&N

x1:

WYHE, OTPUMAEMO:

x+y

2 ) ylz\/x—y'

OdyeBugHO, MO X; > Y;, 1 BHKOHYETHCA HEPIBHICTh X < x; <y, <y. [Hns

YyuCcel X1 1y, CKIaaeMo cepeaHe apuMEeTHUIHE 1 CEPEeTHE TeOMETPUYHE, OTPUMAEMO:

X1+ Y1
X2 =T' Y2 =\/x1y11
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npuaoMy x; < X, < y, < y; 1 TaK jaaii.

bauumo 3aK0OHOMIpHICTD

X, +
Xnt+1 = %r Yn = XnVn

1Xp < Xpt1 < Yn+1 < Yn-
Omxe, Maemo 11Bi ocimigoBHocTi {x,} 1 {y,}, npudomy {x,} 3pocraroua, a {y,}
— cnagHa. Ockunbku x < x, < Y, < Y, TO L MOCIiJOBHOCTI OOMEXEHI 1 32 TEOPEMOIO

Beiiepmrpacca MaroTh rpaHuIlL:
lim x, =a, lim @
TL—) 0] n—-oo

HKHIO y BI/IpElBI O X c:: CUTU a0 Hl l'IpI/I n — oo, TO OTpUMAEMO

Qé O\ Q@
3BIIKK @ = 0
»Q BHOCT] x ap ﬁ@mx {xn@ 0gTI TTHIX
reOMETPHY aroTh = u(a, Ha3MB epez[HlM
apupMeTUKO- reo M cheﬂ@ 29, c 73

VY mare co6mm% Bllll% @yHnaMeHTaHLHOIo
MaTeMaTuy KOHCTa a J'II/IBI/IM depenmiagspHOMY i

lHTeI‘paJIBHO ‘IHCH%& TAKOX Y X IHHII/D%] X MaTCMaTHKH.
Po3zrassaeMo HOCJ'III[OBHI ez[eMo 11O BOHA Ma€ I'paHuIlIo.
Ockinbku IIpu 301 @1 CTC HOBa CTCIICHA 3MCHINYETHCA, TO

MOHOTOHHUI XapakTep 1JOBHO nJs HE BpPaxOBYETHLCH. HepeKOHa€MOC$I B

bOMY, 3aCTOCOBYIOUM O1HOM HpiQTOM2, OTpriMaeMo:

-1) l n(n—l) (n n+1) 1
\:\71 2 n? 1:2-... : an
(=) -+n,(l—%>-----<1—"nl>-

k1110 Bix X, MEPEUTH 10 X;,41, TOOTO 30LIBIINTUA N HA OJUHULIIO, TO 3’ IBUTHCS

me oxuH goxatHii uwien (n+ 2). Koxken i3 posrmsHytux wieHiB (n+ 1)

. o S . o
30UTBIIUTBCA, TOOTO OyNb-SKHI MHOXHHMK B JAYXKax BUIY (1 — Z) Oyzne 3aMiHEeHUI
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S . . . .
MHO>XHUKOM (1 — m) 3Bi/ICH 1 BUILTUBAE, 110 Xy 41 > Xy, TOOTO MOCIITOBHICTD {X;, }

€ 3pOCTaI0YOI0.
Jlanmi mokakemo, 10 BOHa oOMmekeHa 3BepXy. OMyCTHMO BCl MHOXXHUKU B

Jy’KKaX, TAM CaMUM 301JIbIITYIOYH 1[0 TTOCIIIIOBHICTb, TaK L0

1 1 1
Xn <2H gt — =y
3aMiHMMO KO>KHHMI MHO>KHUK B 3HAMEHHHKAX JPOOIB YUCIIOM 2, OTPUMAEMO:
1 1 1
Yn<2+5+5+ —\o
Aue nporpecis, sika HO‘{BCH YJIeH € C};My MEHIITY 32 OJTMHUITIO, TOMY

2
Vo, < 3, a 11e 03Hayae < &OPHTB H‘N, IO TQCJIIOBHICTh {x
MOHOTOHHO 3pOCTa eHa 3B:§ 6 &\ Ib

Otxe, 1 icTh {x, 1% T peﬁaoiox%nnpacc@ TPAHULIO, HQ
HepeBHm)@a [19, @ \ O 00

OTtpumana rpa M3HaYe V@IOM, s @afom Q, TOOTO

AEICAI O/
O PN

Ichy 10 3HaX @ uci OCHUTh BeTquiCTIo. Posristnemo
HOT0, TOBEPHEMOCS %uly 0 aQo[::Ti X, @ oMoM Hprotona. B npomy
po3KIadi 3a®iKcyeMw6yn QT %{, 1 BIIKUHEMO BCl YJIEHH, IO
mictarecest 3a (k + 1)-m, TOI[MaCMO DiBHI

o> 202 (1) oG s L(1-1) (1Y)

2! n

[epeitnemo 1o rpanumii 00, MA€EMO:

1 1 1_
\ +z+§+“'+ﬁ—yk.

Ll HepiBHICTH CIpaBeINBa MPU OyIb-IKOMY HaTypaibHOMY k. OTxe, MaEMO

Xn < Vp < e, 3BIJIKM CIIYE, 110 1111_>n010 Yo =€

3ayBakuMo, 110 Y, € (n + 1) yacTUHHA cyMa I HECKIHUEHHOTO YHCIOBOTO

pany
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1 1 1
I TRTRAE -k

1 OCTaHHE IPAHUYHE CITIBBITHOILICHHS [MOKA3Ye€, IO € € Horo CyMoIo.

[MocmigoBHICTB {Yy, } 1715t HAOIMKEHOTO OOYHCIICHHS YKCia e € OUIBII 3pYYHOIO,
HiK mocmimoBHIiCTE {x,}. OminmMo crymias Ommsekocti {y,} mo e. Jias 1soro
PO3MIISIHEMO PI3HUIIO MK OyIb-SIKUM 3HAYEHHSIM Vp4m, K1 CHIAYIOTH 33 Yy,

OTPUMAEMO

Yn+m_yn_m+'"+ =

m)!
O

(n+ 1) )(n+3) (n+m))
SIKIO B Ay»KKax BCi % 1B 3H2@ ax npo%{a (n+ 2)
OTPHMAEMO HeplBH 0

’< *’(n %: n+ \n+2
sIKa MOCUITUTHCS, ;IKu_(Q TH BHpa Kax C @CKIH‘I Fpecn

BYA*HBHIY HeCI( OCTI a CTaJ'II/IM Tak y,4m
Oyne Ha0 ICTB 3 n+1, @ .., SIKA, OYEBHUIHO,
30iraerscs 10 e. Tom HM&@ ¢ >

Q n+1
abo
@_yn_n'n

1
ko uepes 6 n&x BIJTHOILLIEHHS PI3HUIIL € — Y, JI0 9ACIIa ——, TO MOXKHA

3aIlIMCaTH TaKOX

0
e—ynﬁm.

3aMIHMBIIIY B OCTAHHIM PIBHOCTI Y,, KOTO PO3TOPHYTUM BHUPA30M, OTPUMAEMO:
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Mu npudinuii A0 BaXIMBOI (OPMYNH, sKa € BIJIPABHOI TOYKOIO [0
o0umMclIeHHs 4yMciaa e. BigkumarouW OCTaHHIN, «JO0JATKOBHI» WIEH, 1 3aMIHIOIOYH
KOKEH 13 3aJMIIEHUX YJICHIB HOro MECATKOBUM HAOMMKEHHAM, MU OTPUMAEMO
HaOMKeHe 3HaueHHs 11 e. [29, ¢.81]

Takox BaXJIUBUMH TEOpPEMaMH B T€OPii TPaHUIlh YUCIOBUX TMOCIITOBHOCTEH €
teopemu lItonbi 1 Tertins. BoHn gat0Th MOXKIMBICTh OOUHUCIIFOBATH IIEBHUHN IOCUTH
HIMPOKUM HAO1p TPaHUIlb YUCIOBUX HOCHiHOBHOCGWHC 1JJISITal0Th PO3B’ A3aHHIO
3a TOTIOMOT OO0 CTaHI[apTHI/IX ME

Teopema 2.7 (Teo erm Jm
1} 3a70BOJIBHSIOTH ¥, (@

@mnm\cna {an 1<k<nn=>
L& »@
SRS
— 0 npu @ JUISL KO %«:ow»@
Tom mist o, QGDKHOI

JZ[OBHOC {xn} noc HICTh

Q&
TaKo € 361xHOO, n@v\% nQn 6Q

@Bmmnme, MI10:
% 00T0 icHye Take umcio M > 0, mo

nl < M,

JloBeneHHs. 3a yMOB
1) nocnin%m& € oOM
JU1sl BC1X n € N BUKOHYETBLCS HEpi
€ TaK0K 00OMEKEHOI0, OCKUIBKH

Xnl + lal < 2M nnst Vn e N. (2.15)
3) s Oymab- & > 0 icHye HOMep N, (&) Takuit, o a1 Vn = ny(e)

BUKOHY€ETHCS HEPIBHICTh

2) TMOCTiIOBHICTH {x

lx, —al < g (2.16)
3 3) BumumuBae, 1o it Ve > 0 icaye Homep n, (&) > ny(€) takuii, mo s BCix

n = n, (&) BUKOHYETHCS HEPIBHICTh
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£
angy(e)M

Cnk < (217)

11t KoskHOTO (hikcoBanoro 1 < k < ny(e).
JloBeaemo, o lim y,, = a, po3rasHeMo 171 BCiX n = n, (€) Bupas:
n—oo

n

n n
ly, —al = Z CnkXp — Al = Z CniXk — Z Cnr@| = z Cnie (X —a)| <
k=1 k=1 k=1 k=1
n ng(e) n
<) cubt—al= Y v —al+ el = al.

k=1 k=1 (e)+1

JUJis OIIHKY TepIIoi CyM pHCT&CMOZ@BHOCTﬂMI/I (2.15)1(2.17), a nns

ongavn =mny (e) BUKOHYETHCS

Cnk < & 0
C) .
OCKI TaKa b BHK@ JJIA oro &€ >® COpCMY

JIOBEZIEHO. OT)Ke

3ayBa>1<H o B TC %HHIH&OBHICT {y% e meperBopeHHIM
301KHOT 110 ocTi I[OHOM Ha6opy q@ il <k<nn>1}
Llst Teopema BETaHO aKe HSl HE 3MIHIOE TPaHHIII.

[26, c.170-171]

OIIHKH JIPYToi — HCplBHlC Mar

HEPIBHICTH: O\

<n0 €)

Teopema 2.8 (Teo ]_HTOJII) aif {xn} i {y,} — nBi umcnosi

ITOCJ1JIOBHOCTI, TaKl, II0:

1) Yn+1 =
2) li
""l
3) %00 Yn
Toni lim In — q.
n—o0 Yn

HMosenenns. Hexait x, = y, = 01y; > 0. bynemo BBaxkatu, 110

an=y—k_yk_1, 1<k<n, neN,

Yn
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. . . _ Xn—Xn-1 .
1 PO3IrIAHEMO IIOCIIIAOBHICTD Z), = —y 5 , N E N , IKa 301KHA 0 yucia a.
n-Jyn-1

[MocaimoBuicTe miticaux uncel {c,;:1 < k < n,n = 1} 3a00BOIbHAE BUMOTH
teopemu Terumius. Crpasai, 3 1) Buminusae, mo ¢, > 0, a 3 2) ¢y — 0 11t Oyas-

SAKOTO (PiKCOBAHOTO K 1

n

1
Z Cnie = y_((Y1 —yo) t (V2 —yi) + (O — yn_l)) = 1.
k=1 n

3a Teopemoro Tenrurins, mOCaiJOBHICTh

X — Xl
by, E Cnk Zk = E Y Lk @ E (X = Xpe—1) =—
= }’n

k=1

€ 301KHOIO, mpuriomy | 11

HpOI[eMOHC a ITPUKIJI CTOCY

Ba eMU T @
HeX i { 361)1( il OBkncn, I/I‘-IOMy l@1 =a. : B
TIOCJTiTOBH ,NE @QHGMO @ocnm% TaKOXK

30iXKHa, anqOMy&
IToxna, e k= @ TLE&HHHGMO 0 J.IOBHICTB {x,}, 1xa
30DKHA 0 4 Q
{c .Q

Hocm)IOBHNT@I/ICH <n,n=1}, o0ouYeBUOHO,

3a710BOJIbHSI€ BUMOTH TAHOTO TeopeMoro Temuins, NOCHIIOBHICT
(A,) —306ikua i lim A, 26, c. 171
n—->oo
Jami po3risiHeMo Ha{{IpuKJIa, OCYBaHHSI teopemu LLTomprs.

_1kyokggnk

Hexait a,, = . 3Haitu lim a,,.
n nk+1 nooco N
k — A k+1 _ Xn . ;
[Toxnagemo x,, = +--+nty,=n Tak, 0o a,, = —y , 1 JOCI1AUMO

n

Ha 3015KHICTH MTOCIIJOBHICTh {bn}:

Maewmo:
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n* nk
b = nk+l — (p — 1)k+1 - nk+1l _ pk+1 4 C,}an — o — (=1)kH1 =
_ n _ 1
~(k+Dnk—p(mk) n; k)’
(e DR =p@k) ™ 1y p) — 20
ne
1 1 -1
o k) = (k -;' )knk_1 (ke + );(k )n"‘z ot (1),
@ (k) 1

OueBugHoO, o lim k = 0, Toni lim b, = —.
n-oo N

OTxe, 3a Teopemoro 11T = k_J1r1 [26, ¢.173]

PosriasaemMo me o

l%TCOpCMI/I [Ironpus npu

S ‘{\. S
L@y, G
Do SO

I
n L 2
a Y = 1 ey 1 ¢ O\
[TocnifeBHICTD BOJILH e@aaM TEO OJBLIS, TOM1

%n+1)...(n+k) 1

S nktl — (n — 1)k+1 o k+1

lim Xn — Xn-1 — lim
nl—>oo _ - n1—>oo nk
Yn = Yn-1

Otxe, 3a TeOpeM OJIBIIS, \'
X 1 (ko (k +n)! 1
lim — = lim I+ + ot = .[18,¢.58
n—oo Yy, n1—>00 nk+1 11 n! > k+1 [ ]
Hagenemo mie % pMKiaa Ha 3acCTOCYBaHHS JaHoOl Teopemu. Hexan
Ka,

. . . o . X
HOCITiIOBHICTD {X, } Ta lim (x4, — x,,) = 0. 3nHaittu lim =&,
n—>0o

n—-oco N

BBaxxatumemo st 3pydHOCTI Xo = X7 =0 1 MOOKIAAEMO Y, = Xp4n —
Xp, M€ N, Tomi y,, — 0. KokHa miamocsiIoBHiCTh TOCTIAOBHOCTI {V,, } Takox 30ikHa
710 HYJISI, OTXE, Von, = 01 Y541 = 0 ipu n — co.

3a reopemoro [ Tomnbiis, mocaig0BHOCTI
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Yot yat -t Yono - Yit+Y3t -tV
— =

YI
n n n

TaKoX 301kHi, mpuuomy limY, = limY¥," = 0.
n—oo n—oo

3ayBakKuMo, 1110 3 O3HaYEeHHS {Y, } MAaTHMEMO

X X
limY, =22 i limy, =222
n—oo n n—oo n
st Vn € N. A tomy
X Xom +1
lim =2 =01 lim 2> =0.

n-oo n

n-oo 2n n—-oo 2n %
Orxe, lim = = 0. [26, (6] O

Po3zrassaeMo JOCHTD IIPUK @CTO@&HH?I TCOPCMU H_ITOJ'II)HSI, 3

BUKOPUCTAaHHSA ippauio@a qnc%
Q , 1
% lim
n—
Hex@: +2 + -+ N
B+ +nay Q—l. @
HiﬂCTﬂBV@&EHI Thb
% n — 1 X, Xn-1
% © Yn @yn — Yn Q
OTPUMAEMO %
2 3

li

1+ 3+.-%"ae-1-ﬁ-%_.-._n-ln_1,
= lim

n—-oo
= lim Yn=1 @
n—>0o
. .
I1{o ¥ moTpiOHO % cru. [18, ¢.59]
OTsxe, MU OKA3aJId O/MH 3 IIPUIOMIB 00UMCIICHHS TPAHMIb YUCIOBUX

IMOCJI1IOBHOCTEMN.
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2.3. 'pannui ynca10BUX MOCTIT0OBHOCTEM, AKi 3a/1aHi peKyPeHTHUMHU

CHiBBiHOIIICHHAMHA

[TocmimoBHICTP MOXXHA PO3TISAAATH SK YaCTUHHUN BHMAAOK (GYyHKII, a Iie
O3HAyae, 110 11 MOXKHA 3aJaBaTH THMHU CaMUMHU crioco0amu, 1mo ¥ GyHkuio. OnHuM 13
HUX € PEKYpEeHTHUN crnociO 3aJaHHs MOCHI0OBHOCTEH. Y 1IbOMY MYHKTI MH OyIeMO
JNOCTDKYBaTH  3a7adl B AKUX  TOCHIAOBHOCTI  3alaHl  peKypeHTHUMH

CHIBBIJIHOIIECHHSIMU.

33,[[3‘-11 B JAKHX PO3IIIAAa0ThCA peKypeHTH®QOBHOCTI MaroTb p13H1 OIIAXH

po3B’si3aHHs. [HKOMM 3a pe Bz[agTbcsi 3HAWTH 3arajbHUIN YJICH
MOCJTIIOBHOCTI, 11O 3H omye.h aMplill MIpK &;{ HKIUQ JUISl pEKYpEHTH
3aaHO1 HOCJIIJ:[OB OI[)KGH 3arajibHO y € 3a KJIaIHU
MOTPiOHO I ni;:[xoz[ Te 1 OCUTH JefKO epeKOHaTI/IQ
3a/laHa peKyperraa) mocii CThb € OHHO}O T, @emeﬂ

Teopemoro Beneprir Ha Mae u}o, HHS 51 I/ITBCSI hi (0]
PO3B’sI3aHHS JCSIK
ocnmo%%, ﬂxwexype CHlBBlI[HOHIeHHﬂM

JloBeneMo, 110 iICHy€ rpa

Posra

I/IJIGMO 1i.

n
Posrastuemo mocig E) X 13151 Vn € N. OCKiTbKH

3 n+1 n 3 n+1
z — >1
(2) ) (2) =
TO
( ) xn+2,n_1,
a OTXKe,
3 -1
2,n_

Tom,
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_1 <3+3)+3_3+3+3_3(1+1+1>
Y3=3'\272) 72727278 "

1 Tak, nani. baunmo 3aKOHOMIPHICTB,

—3<1+1+ +1> >1
Yn = 2 4 o ,n = 1.

3acTocyeMO METOJl MAaTeMaTUYHOI 1HAYKIII]. %l =1,y; = % [Ipunyctumo,
1,1 1Yy .
monpnnzk,yk=3(5+z~0i~2—k),lﬂ , 110
1A Y
+ %

JliticHO,

Viet1 = -w&%@
1o i Tpeba OyJio 10B
Orxe, lim &Q .
n—
Posr Q BUIIQ,
nocninom%&in@

Hexaii mocuiz b

O™ (O
[Ipunyctumo, 11 HULS @% [loznauumo lim x,, = a. Tom 3
n—oo
B

PEKYpPEHTHOTO CIHiBBIIHOIIEHH

AHUIIl  YHCIIOBOI

1BBITHOIIIEHHSIM

ae, mo lim x2,; =3 lim (x,, — 2), T06TO
n—oo n—oo
x% = 3x — 2. Po3B’s13aBmn«BanpATHE PiBHAHHA, OTPEMAEMO: X; = 2 a00 X, = 1.
IToxaxemo, 110 H&X)BHETB MOHOTOHHA 1 oOMekeHa. [3 ciBBIIHOIIEHHS
X1 + 2
n = 3 )
BUILUTUBAE, O X, > 0 1 Vn = 1, tomi x,,44 = +/3x, — 2,1 = 1.

OCKIIbKH,
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[IpunyctumMo, 10 MOCTIAOBHICTH  3pOCTa€, TOOTO X,4.q > X,,n = 1.
Po3rnsHeMO pi3HMIIO KBaApaTiB JABOX CYyCimHiX uneHiB: x2.; —x2 = 3(x, —
Xn-1), M = 2, 3BI0KH (X1 — %) (Xng1 + X5) = 30 — Xn2q).

Ockinpku X, > 0 g Vn = 1, 10 xX,,44 + X, > 0 111 Vn > 1. Tomy Bupasu
Xn41 — Xn 1 X — X,,_q MalOTh OJHAKOBI 3HAaKH, TOOTO a00 X 41 > X, > X,_1, 200
@

BAE, 1110 TPAHUIICIO TIOCIIIIOBHOCTI
0

Xpo1 < Xp <Xp_,n=1. Ane nmpu n=1 Mmu puiau, mo X, > x;. OTxe,

HOCJIiTOBHICTE {X,,} € 3pOCTa ofloId) 3 HBOFO 3

{x,} Mmoxe OyTH TiBbKH U

3

JloBenmemMo 11¢ HOI 1H @ pﬂx , X1 =&
HpPIl'Iy0THMO =k, x;; OBene éﬂ 1FICHO, 0

32—

OT)KG 3a TEOpel 3 Hepm im x, = %c 52-5 6
n—->oo
&u

[cHyt0TH d umpOK KOpI/ICTO IO B Cy4acHiil
MaTeMaTHLl a6nm1< qucie OpeHSI Oro i3 JIOJZaTHOTO
IMCHOTO YncHA. 03rJ1 cnmo }@{xn}

~++a (2.18)

1 3HaiiIeMo ii rpaHUIlIo; , 1 3arajibHa KUIbKICTh KBaJpPaTHHUX
KOPEHIB JIOPIBHIOE M.
3aany MOCIIIOBHIC JKHA 33JIaTH PEKYPEHTHUM BI1IHOIIECHHS
K«( Jat+tx, n=12,. (2.19)
3a YMOBH, 1110
x; =a. (2.20)
JloBeneMo, 1110 TpaHuils icHye. s [IbOTO MOKa)KeMO, 110 JaHa MOCIiI0BHICTD €

301kHO0. 171 IIbOTO TOCUTH TIOKA3aTH, 10 BOHA € 3pDOCTAI0YOI0 1 00MEKEHOIO.
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Crnoyatky JOBEIEMO, 110 IMOCIiIOBHICTE {X,, } € 3pocTaruoro, TOOTO JOBEAEMO,
10 BUKOHY€ETHCS HEPIBHICTh
Xn < Xp4q- (2.21)
HoBenemo HepiBHICTH (2.21), MeTooM MareMatuyHoi iHAYKHIl. [Ipu n = 1,
HEPIBHICTH (2.21) BUKOHYETHCS 1 PU IBOMY, MAEMO:
X1 <X, (2.22)

[Ipunyctumo, mo HepiBHICTH (2.21) BUKOHYEThHCS i OyIb-IKOTO HOMEpa 1 1
JoBeseMo, it n + 1, Toai MaeMo

Xnsr < xn+() (2.23)

HepiBHicts (2.22) B cst 13 HA X% \/ a++a>+a.
JloBenemo, 110 1 @ CTl J'II/IBae ICTB (2 ). I3 HGplBHO%

(2.21) 1 pexypeHT MyJ'II/I ( HHBaei;éé?? 9
S 2; xn+1 Q?Q 4)
3iH OKY, 3 $ﬁ an+1,

U peK IJ:[HOI.I% 19) nn@
MH OTPHMAEMO plB& @

; 9 (2.25)
TpI/IMaCM b (2.23).

OT)Ke 0 TIQCITi b {xn} €
JloBeaemo TenepPiro mody & Th IO 3BEpXY, TOOTO, 10 IS VN
BUKOHY€ETHCS HEPIBHICTD

(2.26)

CmB g ) 0 piBH 1(2.

Y010.

e M — gaiOisbIie 3 BOX

HepiBHOCTI (2.26) nis

3acTocyeMo MeTOI[ maTeMar H01 1HAykii. CnoyaTky nepeBipuMO BUKOHAHHS
= 1. PosransiHemo okpemo Bumnagku 0 < a <2ia >

2, KOpUCTYIOUHCh HEPIBHICHIO (2.20) oTpuMaemMo:

x; =Va<V2 <2, akmo0<a <2

2.27
x; =+a<a, AKIIO a > 2 (221)

I3 (2.27) BurtuuBae, mo x; < M, ne M = max{a, 2}.
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Hexait wepiBHicTh (2.26) cmpaBemnuBa JJisi  JTaHOTO  HOMEpY M.
BuxopucTtoByioun pekypeHTHe criBBigHOIIEHHS (2.19), po3risiHeMo 0KpeMo BUMAIKH

0<a<?2ia> 2, MuoTpUMaEMO, IO

Xnt1 =+/a+ X, SV2+2=2, axmo 0<a <2

2.28
Xnt1 =+Ja+x, <Va+a=+v2a<a, axmo a>2 (2.28)

I3 (2.28) BUIUIMBAE CIpaBEIIMBICTh HEPIBHOCTI X, 41 < M, ne M = max{a, 2}.
Mu moBeu 0OMEKEHICTh OCTITOBHOCTI {x,, }.

OTke, MOCIIIOBHICTE {X,,} € 3013KHOI0 110 z[e;%)aﬂnui X.

3HalIEeMO 110 TPaHUIIIO (2.18) 6aqmv®o BC1 €JIEMEHTH ITOCIIIIOBHOCTI

HEB11 €MHI, BIAIIOBIIHO 1 aHI/IH eMHoIO

[TizHeceMo 1o K (2. 1 MO X +x,.¢

OCKITBKH T BHlCTB { HOO @1 rpaH nepe@
B PIBHOCTI 1, MU O 60 x &a

Po3 U KBaJI BHSIHHS, xo

1r+4a@6
2

OCKIJ‘IBK OTPUMYEMO, 110

BIH CITIBIIQ, 0 JIOPIBHIOE

Jlam pOBFHHHeMO 3a1a Csl pi3HI CrOCOOM O0YMCIIEHHS

T'paHUIb YUCJIOBUX OC1

Hexaii mociizoBHI ThCS PEKYPEHTHUM CITiBBITHOIIICHHSIM:
xn+1—1+—neNx1—1 [T 1m
3ayBakumo, 110 — , A 0TKe, X; < X, < X3.3a JJOIIOMOTI'OI0 METOJ],
1 2 3.
MaTeMaTHYHOT IHAYKITiT [T eMo 1110 TIOCTi TOBHICTH {X,, } MOHOTOHHO HecmaaHa. [

IILOTO JOBEAEMO HEPIBHICTb X;, < X471 A VN EN.
Cnpagai, npu n = 1 — HEPIBHICTh BUKOHYETHCSI.
Hexail HepiBHICTb BUKOHYEThCS Ui OyAb-sikoro n < k. JloBegemo, 1o BoHA

BUKOHY€eThCs ipu n = k + 1. JliiicHo,
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L 22 k+1 B
Xk+1 = +;_ +xk+x—k_ +1+k_1_|_l+ T 1 =
k Xe—1 K X1 kXp—q

. k+1 Ly, ke

k 1 1\~ k -

L+e—+ E(l - xk—l) 14—

OCKIiTbKY BUKOHY€ETBCS HEPIBHICTD Xj_1 < X, 1aJl Ma€MO:

k+1 k+1
=14+ —=Xp4o.
1+ Xk+1

Xk

Xeer S 1+

Mu [0BemH, 0 HOCTII0BHICTE {X,;,} MOHOT 0]l 13 CITIBBITHOIIICHHSI, SIKE

3aj1a€ JaHy IOCIiIOBHICT Mae. OI[HOFO 0

a ToMy

3 1HQ60KY

(aﬂmg;y @%m% q 0 6QE

1
O -ig\d5 nen
3 IBOX OCTaHHIX u%nx H%\g%ﬁ JUTST HOCJIIIOBHOCTI MAaTHUMEMO:
1

TOOTO

o
%

3a TeopeMOr0 TIPO TPH MOCTITOBHOCTI

lim (a, — vn) = =. [26, ¢.176-178]
n—oo 2
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BUCHOBKHA

VY pob6oTi npoaHasli3oBaHO OCHOBHY TE€OPIIO T'PAHMII YHUCIOBOI MOCTIAOBHOCTI,
3aja4i, SIK1 pO3B’SI3YIOTHCS 3@ JOMOMOIOI0 TPaHUIlh, a TAKOXX HECTAHAAPTHHUM IMiIX1]T
70 Teopii rpaHuilb. Y XOAIl JOCHIIKEHHS Oyja OCATHYTa MeTa, sKa CTaBujacs Ha
noyatky poOOTH, Ta BAKOHAH] TOCTABJICHI 3aBJaHHS.

JIoBeIeHO €KBIBAJICHTHICTh PI3HUX O3HAYCHD IPAHMII YUCIOBOT MMOCIIJOBHOCTI,
0 HE 3yCTpIUaeThbCsi B JpKepenax, SKl BUCBITIIOIOTH JlaHy TeMmy. Takox Oynu
pO3B’si3aH1 3a/1a4yl Pi3HOTO BHUAY, IO 1IIOCTP vocyBaHHﬂ MOHSTTSA TPaHULII

MOCITiIOBHOCTI, Ta pO3FJ’I$IHYTO@pI/ICTaHH #TEMH B TEOPii pAIIB.

¢ . .
(&‘3 CHHS JIOHATTA I'paHHIl 4YKHCJI0OBO1

.
1axisn 33@1), reoMepPWIHMUII Ta niax@

byno omumcano Tp XOI[I/DI[

IIOCJI1TOBHOCTI: ajre
[0 CTOCYETHCS T HOXXHUH BigHO X MiOX 18HYIOTh JI¢RLITb

t Oymo yTO @7ICHO

€KB1BaJICHTH IIUX O b. ?
HazBani mig&o aKOXK @ ThCA 1 @’ BYBaHH@aq, OCKUJIbKU
@. Haituacthile BUKOPUCTOBYETHCS

Th TpaH BUX MOCJIIOBHOCTEN

TSIMU n@' 1i. JlocuTh 11iIKaBUM, ajie

OBl TEOMETPUYHOTO TMIIXO0Iy

O3HAUCHb gApaH HCIOBE1

BIJIIIOBIIHO JO 1y OyyeT UM 1HII
anrebpaiu LIX17, Ha ro 3
3a O3HAYEHHSIM YU, K %‘II/ICL B

MECHIII BXXHBaHUM € aMeTpl@

noOy0BaHa, HAMPUKIIAI, TC@
1 TYETbCSI HA OCHOBI TE€OPii MHOXMUH,

Pinmie 3a iHIn 3ycTpid IIX 1T
BIIMOBIHO 7O IIBOTO 3afadi, %IOTLCH JAHOTO TIAXOAY 3yCTPI4aroThCs

IH Ma€ 1 1HIII [[1KaB1 3aCTOCYBaHHSI.

Haiipiaue.
Xotutocs 6 3a3H , Teopisl TPaHUIll YMCIOBOI MOCTIJOBHOCTI PO3B’sI3y€e
TaKOXX JESIKl OCHOBHI, MBI B MaTeMaTWIll 3aaadi (Hampukiaj, 3a7ada, Mo

cTocyeTbes uucna e). lle me pa3 noBoauTh (GyHIaMEHTAIbHICTh TEOpii TpaHMIIL

YHCJIOBOI IMOCIIIIOBHOCTI.
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Jlunimomuy poOOTYy MOYKHAa BUKOPUCTOBYBATH MPU PO3B’SA3yBaHHI PI3HUX 33724
3 JaHO1 TeMH, OO TIPHUKJIAAH 1 3a/1a4i Oyiu migiOpadi TAKUM YUHOM, 00 MaKCUMaIbHO
MPOUTIOCTPYBATH 3aCTOCYBAHHS IPAHMUIIl TOCT1IOBHOCTI.

BaxxnuBuM Takox € Te, 10 HE MOTPIOHO PO3TISAATH Pi3HI MUTAHHS JUIIE 3
OJTHOI CTOPOHH, a HEOOX1HO NIYKATH Pi3HI PO3B’SI3KH OJIHI€T mpobiiemMu, 00 11e MOKe

MPUBECTH J0 HEOUIKYBAHUX 1 KOPUCHUX PE3YJIbTATIB.
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